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Abstract 
 
This work reports an investigation of colloidal suspensions during 
sedimentation in what is known as the ‘intermediate concentration’ range; one 
notoriously difficult to study. Two materials were examined: titanium dioxide 
P25 nanoparticles and magnesium hydroxide. The characterisation of these 
materials highlighted their high tendency to form aggregates under certain 
conditions. By the use of laser diffraction, measurements of the cluster size 
were conducted at under various conditions of shear. The use of sonication 
energy suggested the identification and classification of two classes of clusters 
related to their strength: ‘high strength’, and ‘low strength’ clusters. 
A mathematical model which considered cluster formation and the occurrence 
of breakage predicted the aggregation and disaggregation kinetics. The 
approach was based on cluster-cluster interactions rather than particle-particle 
interactions. The results obtained by particle size analysis were compared with 
the size obtained using permeability analysis and settling velocity. In both 
cases the calculated sizes were comparable with the data obtained from size 
analysis; however, for magnesium hydroxide the predicted cluster size was a 
little higher and this may be due to the formation of channels giving faster 
settling. For the titanium dioxide it was noticeable that different mixing 
strategies exhibited different cluster size, network formation and settling 
behaviour. 
Finally, a novel modelling approach based on the presence of clusters rather 
than particles is presented. It is a combined model which considers the settling 
curve divided into two zones: a zone below the gel point modelled by a Kynch 
type approach and a zone above the gel point modelled by consolidation 
theory. This combined approach was only applicable to the settling data of 
titanium dioxide, where the settling data encompassed the gel point and the 
gel point could be identified by consideration of the ‘Richardson and Zaki’ 
plots. For magnesium hydroxide, only the consolidation model was needed as 
all the initial settling concentrations were above the gel point. 
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1. CONTENTS 
 
 
 
 
 
1. Introduction 
The sedimentation process of solid-liquid systems is one of the main 
separation techniques used in various industrial fields. The theoretical analysis 
has always been difficult and complicated, and is defined by diverse theories 
(Kynch, 1952; Dixon 1977a; 1977b; 1978; Tiller, 1981; Fitch, 1993; Font and 
Hernández, 2000).  
Most studies of settling suspensions refer to systems of non-interacting 
particles, although flocculating suspensions are the systems most frequently 
encountered in industrial fields. Three types of flocculent suspensions are 
recognised based on the amount of solid suspended. The settling behaviour of 
suspensions in ‘intermediate concentrations’ has been always neglected due 
to the instability of the region and the inconsistency of the results (Shirato et 
al., 1970). 
The key to understanding the gravity thickening process is recognizing how 
materials behave while thickening (Kos, 1977). Concentrated suspensions of 
nanoparticles exhibit ambiguous behaviour due to surface interactions which 
become predominant. The degree of destabilisation is dependent on the 
surface properties and on the composition of the liquid in which the solid is 
suspended; five different phases (Figure 1.1) can be identified relative to the 
concentration and the degree of destabilisation (Amir and Bacchin, 2009). 
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Figure 1.1 Schematic representation of phase transition of colloidal 
suspension. 
 
Hence, the presence of surface interactions between particles, such as Van 
der Waals attraction and electrostatic repulsions, are fundamental in the 
analysis of settling suspensions. Moreover, these forces have a strong effect 
on the rate of sedimentation, which knowledge is of primary importance for a 
reliable estimation of the capacity of a settling unit.  
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1.2 Project aims 
The aim of this project is the identification and development of an innovative 
approach to characterise and process particulate wastes from nuclear 
industries. This work was undertaken as part of the DIAMOND project into 
Decommissioning, Immobilisation, and Management of Nuclear wastes for 
Disposal. In fact, there are a variety of heterogeneous waste types that have 
been in storage for long periods of time; the occurrence of interactions of the 
solid particles complicates the understanding of the behaviour of these nuclear 
wastes.  
Two different materials are investigated here: titanium dioxide P25 
nanoparticles and magnesium hydroxide. The choice of the former material 
was made on the basis that it is difficult characterise and its control in 
suspension due to its surface charge which changes with variations in solution 
conditions; the latter one was, provided by the National Nuclear Laboratory as 
it is one of the main materials formed in nuclear waste tanks. Typical of the 
magnesium hydroxide is its change of the solubility with pH. 
Laser diffraction and image analysis were the experimental techniques chosen 
to investigate the formation of aggregates. A mathematical model with 
approach based on cluster-cluster aggregation and disaggregation, rather than 
primary particle aggregation was developed. 
The effects of mixing techniques and agitation power, before the start of 
sedimentation tests at intermediate concentrations, were investigated in order 
to control the influence on the aggregation process, settling velocity and final 
structure of the sediment. The relationship between solids pressure and solid 
concentration and permeability versus solid concentration were obtained. 
These were employed to solve the differential equation of consolidation 
process. 
The particle/cluster size during sedimentation was calculated by the 
Richardson and Zaki approach and the results were compared with ones 
obtained during particle size analysis. 
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A new approach based on the presence of aggregates in suspensions rather 
than single particles was developed and employed to take into consideration 
the effective concentration as well as to modify some parameters such as solid 
density. 
Different mathematical models, available in the literature, were employed to 
predict the settling behaviour (in terms of settling curve) of both materials. 
Moreover, a combined approach based on ‘free-hindered settling’ (start of the 
process) and consolidation (end of the process) was set up.  
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1.3 Structure of thesis 
This thesis contains eight chapters. A brief description of each chapter is 
provided: 
 
Chapter 1 specifies the contents and structure of thesis. 
Chapter 2 outlines the existing and recent theories of sedimentation and 
particle aggregation. High importance is given to settling velocity and gel point. 
Chapter 3 presents the characterization of all material employed, experimental 
procedures and equipment. 
Chapter 4 covers the analysis and prediction of the kinetic particle 
aggregation. A mathematical model based on reversible-type aggregation is 
used to model the experimental data. Also, further experimental details on the 
data collection, experimental errors, and reproducibility are highlighted. 
Chapter 5 outlines the influence of the presence of aggregates on the packing 
of solid structures at various applied forces. The hydraulic permeability is the 
variable taken into consideration as reference and basis for comparison. 
Chapter 6 demonstrates the importance of the mixing techniques used during 
the agitation of the suspensions and the influence on the aggregation size 
distribution and hence settling velocity. The particle/cluster size obtained in the 
experimental investigation is compared to the particle size calculated by 
applying the theories available in the literature. Moreover, an approach to take 
into consideration the presence of aggregates in suspensions rather than 
particles is developed. 
Chapter 7 links some experimental results to the mathematical models to 
predict the settling curves. Various models available in the literature are 
tested. Moreover, an approach to take account of the aggregates in 
suspension is presented based on the modification of an existing model. 
Chapter 8 presents the main findings of this project, the conclusions, and 
some suggestions for further investigation.  
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2. Literature review 
 
 
 
 
 
2.1 Introduction 
Settling suspensions are surprisingly difficult to characterise and understand. 
The initial concentration of the suspension is a first indication of the regime 
under which the settling starts. Sedimentation can occur in suspensions in 
which the suspended particles are non-interacting and suspensions in which 
particles under suitable conditions interact forming aggregates. The solid-liquid 
systems belonging to the latter are called colloidal suspensions; the term 
colloids defines that class of materials with particle size less than 1 micrometre 
(Hunter, 2000). The sedimentation of colloidal suspensions are of different 
types; the interesting region is represented by the unstable ‘intermediate’ 
concentration in which no reproducible results can usually be obtained 
(Shirato et al., 1970). A better understanding of the settling behaviour may be 
achieved by the mechanism of aggregation and hence the final characteristics 
of the aggregates such as, diameter, shape, solid-liquid ratio. In order to do 
so, the condition of the liquid where the colloids are suspended, such as pH, 
ionic strength, temperature, plays a fundamental role for the enhancement or 
reduction of particle interactions and the aggregation process. Overall, the 
formation of aggregates is desired in sedimentation since it aids settling 
reducing prominently the separation time. 
Moreover, the identification of the so called ‘gel point’ is a fundamental step in 
sedimentation analysis for the modelling approach of the separation. In fact, 
by the definition of this parameter a correct application of the several available 
theories (Fitch, 1979) can be done to predict the experimental and industrial 
behaviour of specific suspensions. 
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2.2 Types of sedimentation 
The identification of the various and likely regimes in both suspensions of 
interacting and non-interacting solids was done by Fitch (1962); in his 
‘Paragenesis’, shown in Figure 2.1, he qualitatively represented, the 
suspension behaviour based on the amount of solid suspended and the nature 
of the suspension (degree of aggregation).  
 
 
Figure 2.1 Fitch’s Paragenesis. 
 
The sedimentation behaviour of suspensions forming aggregates can be 
classified into three types (Kos, 1985): 
1) zone settling (free or hindered settling for suspensions of dilute 
concentration (Shirato et al., 1970)); 
2) channelling (settling in the intermediate concentrations (Shirato et al., 
1970)); 
3) consolidation (settling by compaction for highly concentrated 
suspensions (Shirato et al., 1970)). 
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The first type is the mechanism under which all aggregates are able to settle 
independently of each other; a distinct interface supernatant-suspension is 
clearly visible. In Figure 2.2, the typical trend of the settling curve of a 
suspension of type (1) is shown; alongside, the configuration of the 
descending aggregated and of the aggregates in the sediment is represented.  
 
 
Figure 2.2 Representation of hindered settling for suspensions of dilute 
concentration. Left: schematic illustration of the descending aggregates 
(top of the vessel) and configuration of the aggregates in the sediment 
(bottom of the vessel)–Right: typical trend of the settling curve. 
 
Suspensions of type (2) are at intermediate solid concentration. Typical of 
these unstable suspensions are unusual behaviours: the settling plots 
frequently give inconsistent results (Shirato et al., 1970; Fitch, 1993). 
Moreover, the shape of the settling curve shows, for some materials, a 
particular stage called the ‘initial or induction period’. Hence, the settling curve 
demonstrates acceleration over a finite time, as shown in Figure 2.3. The 
occurrence of this was mainly related to the formation of stable aggregates 
after having agitated the suspensions in order to bring about homogenization 
(Font et al., 1992) or the recovery of the suspensions from initial disturbances 
(Rushton et al., 1996). 
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Figure 2.3 Representation of hindered settling for suspensions of 
intermediate concentrations. Left: schematic illustration of loosely 
networked clusters (top of the vessel) and clusters under compression 
at the bottom of the vessel–Right: typical trend of the settling curve. 
 
The clusters after the initial period may form a loose network as shown in 
Figure 2.3. The forming sediment will be consolidating with time and the 
formation of channels occurs, due to the path of the liquid moving upwards, 
which cause a consequent augmentation of the settling rate. 
Highly concentrated suspensions form solids network that are compressed 
under the weight of the overlying solids; hence, the void spaces are gradually 
diminished and the water is squeezed out of the structure. Then, consolidation 
occurs when both the water, inter-particles and intra-particles, are expelled; 
the end of the process is considered to take place when the sediment reaches 
an equilibrium height. Examples of the settling curve of suspension under 
consolidation and of a schematic representation of the aggregates being 
squeezed is reported in Figure 2.4. 
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Figure 2.4 Representation of suspension highly concentrated under 
consolidation. Left: schematic illustration of the clusters being 
squeezed–Right: typical trend of the settling curve. 
 
A comparison of the trends of the typical settling curves for suspensions of 
interacting (sludge) and non-interacting (mineral slurries) aggregates (Figure 
2.5) was illustrated by Kos (1985): 
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Figure 2.5 Typical settling curves of suspensions forming aggregates (a–
for non-interacting aggregates (mineral slurries), b–for interacting 
aggregates (sludges)-(from Kos, 1985) 
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2.3 Coagulation: destabilization and flocculation 
The coagulation process encourages colloidal particles to assemble together 
to form aggregates of bigger size which can settle more easily. The whole 
process involves two steps: 
1) destabilization; 
2) aggregation. 
The first step implies the modification of the superficial charges of the particles 
while the second one occurs when the modified particles, moving around, stick 
together forming the aggregates or clusters. Coagulants are chemical agents 
which bring about the aggregation process and hence the formation of larger 
and denser entities. These additives are able to neutralize the charge on the 
particles, diminishing or fully cancelling the repulsive forces. 
Usually, the destabilization is characterised by a parameter called ‘collision 
efficiency’ defined as the ratio of the effective or successful collision number to 
the total number of collisions. This parameter can assume values between 0 
and 1: the former implies that the suspension is not being treated chemically; 
the latter, on the other hand, corresponds to a totally destabilized suspension 
with only neutral particles. 
 
Two are the main mechanisms of aggregation: 
1) perikinetic; 
2) orthokinetic. 
Perikinetic aggregation is the interaction process due to Brownian motion; 
orthokinetic aggregation, in contrast, occurs due to the motion of the fluid 
mass. How often the particles come into contact, to form clusters, depends on 
the properties of the environment in which they are suspended, such as 
temperature, viscosity and density as well as the properties of the solid such 
as density, size and concentration. Mixing techniques, mixing tools and mixing 
speeds have been demonstrated to have a strong effect on the cluster density 
and cluster size (Akers et al., 1987). 
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In conclusion, the coagulation process represents a very important treatment 
when colloidal materials have to be managed; and hence also in the case of 
sedimentation. 
 
2.4 Smoluchowski model 
Von Smoluchowski was the pioneer of the study of particle interactions using a 
population balance in order to explain and illustrate the variation over time of 
the number of particles changing in size due to the formation of aggregates. 
The population balance equation, formulated by Smoluchowski, is given by 
Equation (2.1): 
   
  
 
 
 
    
     
     
   
           
 
     
   
      (2.1) 
where ψi, ψj and ψk are the concentration number of particles having values of 
i, j and k, respectively. Two different kinetic rate constants are presented: kij 
which considers the formation of aggregates of value k and kik which takes into 
consideration the loss of aggregates of value k due to the formation of larger 
aggregates. 
The kinetic rate constants have different functionality depending on the types 
of transport mechanisms under which the particles are subjected, perikinetic or 
orthokinetic. Sometimes, when the conditions are suitable, particles may 
aggregate following both mechanisms mentioned above. Furthermore, it is 
necessary to say that perikinetic aggregation is significant only for particle size 
less than 1 µm and subjected to a shear field less than 10 s-1 (Berg, 2010). 
When perikinetic aggregation occurs, the kinetic rate constant is defined by 
the following Equation (2.2): 
    
    
  
       
 
    
       (2.2) 
where KB is the Boltzmann’s constant, T is the absolute temperature, ri and rj 
are the particles radii of i and j respectively, µ is the dynamic viscosity. In the 
case of orthokinetic aggregation, Equation (2.3) must be used: 
    
 
 
        
 
       (2.3) 
where ri and rj are the particles radii and G is a variable depending on the 
shear field. Considering the case of a monosize particle distribution, the kinetic 
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rate described in Equation (2.2) will assume a constant value. There is a 
strong dependence on the particles radii (cubic power) in the case of 
orthokinetic aggregation. Equation (2.1) is only valid for irreversible 
coagulation since no considerations of aggregate breakages were taken into 
consideration. One of the first models which considered breakage of 
aggregates was presented by Harris et al. (1966): they introduced a size 
distribution function including several formations of aggregation and break-up 
models. An extra parameter, called fraction of collision, was introduced in 
order to calculate the amount of successful collisions to form aggregates. 
Serra and Casamitjana (1998) discussed and predicted experimental data, 
using latex particles placed in a couette flow system. A population balance 
was considered with the introduction of two parameters called ‘effective 
probability for collision’ to consider aggregation and ‘break up coefficient’ to 
account for the occurrence of shear fragmentation. Both parameters were 
investigated under different shear fields and volume fractions of the particles.  
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2.5 Settling velocity 
2.5.1 Settling velocity of dilute suspensions 
The fundamental equation that governs a spherical particle falling inside a 
liquid in dilute conditions is the Stokes equation. 
In the case of dilute suspensions at concentration (c), Batchelor (1972) 
derived Equation (2.4) in order to calculate the settling velocity (uS) of a 
sphere: 
                    (2.4) 
where uS  is the Stokes settling velocity, c is the solids concentration and n’ is 
a constant. Furthermore, for suspensions made up of spheres differing both in 
size and suspension Batchelor and Wen (1982b) modified Equation (2.4) as 
follows: 
        
                  (2.5) 
where the coefficient nij is a function of two parameters defined by Equations 
(2.6) and (2.7): 
  
  
  
         (2.6) 
  
      
      
        (2.7) 
where ρL is the density of the liquid, di and ρSi are the diameter and the density 
of the species i and dj and ρSj the diameter and the density of the species j, 
respectively. When the concentration of the particles/solids in the liquid 
becomes high enough to have hindrance among the falling particles, Stokes 
and Batchelors equations are not valid anymore. 
 
2.5.2 Settling velocity of concentrated suspensions 
In the case of hindered settling several empirical equations are available in the 
literature. 
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Steinour (1944a, 1944b, 1944c), for example, described the fall of the 
solid/liquid interface, in the case of approximately uniform particles (tapioca) 
as: 
      
  
   
           (2.8) 
where ε (=1-c) is the porosity and ϑ is a shape factor function of the porosity. 
Knowledge of the free settling velocity and of the slope of the straight line, 
passing through the origin, from a plot of [us(1-ε)]
1/3 vs. ε, permits the 
calculation of the value of the shape factor. 
However, the most popular empirical equation, which relates the settling 
velocity (uS) to the voidage fraction (ε) of a multiparticle concentrated 
suspension, is that of Richardson and Zaki (1954): 
       
         (2.9) 
By plotting the settling velocity vs. the voidage fraction in a log-log graph the 
two empirical parameters n and uS  can be determined respectively by the 
slope and the intercept of the straight line (Fitch, 1979).  
The value of n, which provides a measure of particle interaction effects, is a 
function of the Reynolds number and of the particle-vessel diameter ratio 
(Richardson and Zaki, 1954). For creeping flow, most experimental values are 
in the range 4.6 to 5.5. However, the reason of its variation is not entirely 
understood, so n is generally chosen as the value that gives the best fit. 
 
Many authors used to replace the density of the liquid with the density of the 
mixture (ρM) (Richardson and Meikle, 1961; Barnea and Mizrahi, 1973; Di 
Felice et al., 1991; Poletto and Joseph, 1995) as follows: 
                     (2.10) 
where c is the volume solid concentration; however, this is not appropriate if 
the particles are settling in a water continuum.  
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The same variation, however with different corrected equation, was applied to 
the liquid viscosity (Barnea and Mizrahi, 1973; Davies and Dollimore, 1977; Di 
Felice and Pagliai, 2003). Again this correction is not warranted for larger 
particles within a smaller particle suspension continuum. 
 
2.5.3 Settling velocity of suspensions forming clusters 
Primary particles in suspension, in suitable conditions, can interact forming 
larger basic units constituted of solid and liquid; these units, can further cluster 
to form more stable aggregates of larger dimensions. In order to calculate the 
final density of the aggregates both the liquid within and between them have to 
be considered. Hence, the porosity of the suspension is contributed by the 
interstices between the aggregates (Javaheri and Dick, 1969). 
In order to take into consideration the presence of aggregates in suspension 
the Richardson and Zaki equation is modified as follows (Michael and Bolger, 
1962): 
            
        (2.11) 
where cA is the volumetric aggregate concentration. 
The calculation of the concentration of clusters can be done by writing material 
balances. Assuming a unit volume of suspension and considering the density 
of the suspension to be the proportional sum of the density of the dry solid and 
of the density of the liquid, Equation (2.12) is obtained: 
                       (2.12) 
Moreover, assuming a unit volume of suspension and equating the density of 
the suspension to the sum of the aggregate density and to the density of the 
remaining liquid, Equation (2.13) is derived: 
                       (2.13) 
where ρT is the density of the suspension. 
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Thus, equalizing Equations (2.12) and (2.13) and rearranging, Equation (2.14) 
is obtained: 
  
  
 
     
     
           (2.14) 
The ratio of the volumetric cluster concentration to the volumetric 
concentration of dry solids, referred to as AVI, is a measure of the amount of 
water associated with solids in aggregates and can have values equal to or 
higher than 1. The acronym, AVI, stands for ‘Aggregate Volume Index’ 
(Javaheri and Dick, 1969). 
Substituting the volumetric cluster concentration in Equation (2.11), and fixing 
the value of the exponent to 4.65 (creeping flow and spherical cluster shape 
assumed) Equation (2.15) is determined: 
  
 
        
 
         
 
                (2.15) 
Furthermore, plotting the left side of Equation (2.15) vs. the volumetric 
concentration of dry solid a linear variation should be achieved. The slope and 
the intercept at cS=0 give the values of AVI and of the free settling velocity 
respectively. By the value of the free settling velocity the aggregate diameter, 
in infinite dilution, can be calculated. If the plot is not linear, the two 
parameters can be still calculated by the tangent to the experimental curve at 
any concentration (Javaheri and Dick, 1969). 
Fitch (1979) highlighted the fact that Equations (2.15) and (2.11) can be 
applied only when the experimental data are well out of the compression zone: 
in fact, when compression occurs, various factors not taken into consideration 
in the Richardson and Zaki equations, might happen; that cause aggregates to 
shrink and/or split the aggregates and potential and frequent actions that affect 
both the settling velocity and the AVI. 
Michael and Bolger (1962) assumed the existence of a layer of liquid 
surrounding each cluster in suspension: the thickness of this layer is difficult to 
predict or calculate and depends on the concentration of the clusters as well 
as the cluster settling velocity; the more complex the shape of the aggregates 
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the higher AVI value assumes a consequence of the higher amount of water. 
This external layer of liquid should not be confused with the liquid within each 
cluster (Bhatty et al., 1980a) which also represents an important variable and 
its calculation is an important parameter for the optimization of the 
sedimentation process (Knocke, 1986). 
Font et al. (1992) suggested a polynomial variation of the aggregate volume 
index with the volumetric concentration of the dry solids as specified in 
Equation (2.16): 
                
        (2.16) 
Rearranging Equation (2.11), substituting Equation (2.16) and fixing a value 
for the exponent n, the best values of χ1, χ2, and χ3 and of the settling free 
velocity can be calculated by numerical optimization.  
Finally, Steinour (1944a, 1944b, 1944c), also, presented an equation in which 
a specific term for the attached layer of liquid was specified:  
      
      
 
      
      
          (2.17) 
where ϑ(ε) is a shape function dependent on the porosity and wi is a further 
dimensionless constant due to the liquid which remains with the particle when 
they are settling, defined as: 
   
 
   
        (2.18) 
where q is the quantity of liquid per unit bulk volume of solid. 
The larger the magnitude of aggregation the higher the value of wi; it assumes, 
on the other hand, wi=0 means no aggregation. A discussion about the liquid 
around the particles, ‘bound’ or ‘stagnant’, and about the liquid flowing 
‘through’ or ‘over’ the particles is widely covered through results obtained 
using different materials and shape, solid concentrations, and flocculent 
agents. 
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2.6 Permeability of porous media 
The aggregation process has a high impact on the structural configuration of 
the sediment (Landman and White, 1994). In fact, voluminous and highly 
porous structured media are frequently formed by aggregates, which results in 
a much more permeable media than the constituting fine particles (Gustafsson 
et al., 2003; Iritani et al, 2009). The most important factors influencing the 
permeability of a porous medium are: particle size, particle size distribution 
(especially fines), solids concentration, particle shape and orientation. 
Permeability is a key component in Darcy’s law, which is the basic equation 
relating pressure drop and superficial velocity. In sedimentation, the variation 
of the permeability with the solid concentration is one of the two experimental 
fundamental relationships, called constitutive equations, required to model the 
process. 
There are a number of well-known permeability expressions (Carman, 1937; 
Brinkman, 1947) and most of them are derivatives of the Kozeny Carman 
equation (Xu and Yu, 2008). However, these expressions contain an 
empirically determined parameter, e.g. the Kozeny ‘constant’ based on a 
model of the porous medium as a collection of tortuous channels. A better 
description of the microscopic flow field through a structure of interacting, but 
single and monosized spheres, was presented by the Happel solution to the 
Navier-Stokes equation (Happel and Brenner, 1965). Happel’s cell model 
takes into consideration the drag forces acting on individual spheres. Each 
sphere is assumed to be surrounded by an imaginary fluid region and the 
thickness of the outer fluid is chosen in order to have a voidage value of the 
cell (sphere+outer fluid) equal to the overall voidage in the medium. 
Moreover, beside sedimentation, the results of filtration tests are known to be 
dependent by the eventual presence of aggregates. In fact, there are a 
number of published works investigating the influence of particle size and 
shape, particle size distribution, pH and nature of particle-particle interactions 
on filtration (Wakeman et al., 1991; Iritani et al., 1997; Wu et al., 2003). In all 
cases, the particle size distribution within a cake is critically important for 
determining the permeability and, hence, the rate of filtration. However, it is 
the size (or size distribution) of the particle, or cluster of particles, that is 
important.  
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2.7 Mathematical modelling of sedimentation process 
2.7.1 Material balance 
The first differential mathematical approach, to explain the fundamentals of the 
sedimentation process, was developed by Kynch (1952). The main 
assumption of Kynch’s theory states that, in a batch sedimentation process 
involving an ‘ideal’ suspension, the solid settling velocity is only a function of 
the local solids concentration. In this case, the term ‘ideal’ refers to aqueous 
suspensions of non-interacting particles with spherical shape (e.g. glass 
beads). Therefore, Kynch assumes a propagation of sedimentation waves in 
the suspension with concentration values always propagating upwards along 
straight lines due to the movement downward of the solids. 
 
 
Figure 2.6 Schematic representation of material balance in Kynch’s 
analysis. 
 
A material balance, considering a differential layer of solids settling of 
thickness δx, area A, at a determined interval of time dt, was presented 
considering three terms: input of solids (at height x+dx), output of solids (at 
height x), and accumulation of solids inside the differential layer (Figure 2.6). 
Thus: 
                 
  
  
        (2.19) 
The term (cuS) is called ‘particle flux’ and it is defined as the number of 
particles crossing a horizontal section per unit area per unit of time (Kynch, 
1952). 
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Expanding each term of Equation (2.19), the following equation is obtained: 
      
  
 
  
  
        (2.20) 
The left hand side of Equation (2.20), considering the particle flux being a 
function only of the solids concentration, can be rewritten as follows: 
      
  
  
  
 
  
  
        (2.21) 
Moreover, two points at different coordinates (height, time) and equal solids 
concentration are correlated by: 
  
  
   
  
  
           (2.22) 
Dividing Equation (2.22) by dt and taking into consideration Equation (2.21), 
Equation (2.23) is obtained: 
  
  
  
      
  
        (2.23) 
The solution of the equation c(x, t) can be found by imposing the following 
initial condition:  
c=c0   at  0 < x < H    (2.24) 
and the following boundary conditions (at t = t*): 
c=0   at  x = H     (2.25) 
c=cMAX   at  x = 0     (2.26) 
where H represents the total height of the suspension. 
Although Kynch’s theory was successful for the prediction of the sedimentation 
behaviour of rigid spheres in water, it is not appropriate to the study of 
flocculent suspensions which form compressible sediments. It is worth noting 
that the material balance, Figure 2.6, is still valid but the assumption of a 
unique settling velocity for a given solids concentration, sometimes, may be 
invalid. 
 
Chapter 2 - Literature review 
 
23 
 
2.7.2 Force balance 
A force balance can be derived considering all the forces acting in the 
differential layer, shown in Figure 2.6, already used in the derivation of the 
material balance. A general form of this equation is presented in Equation 
(2.27) (Fitch, 1979) although several forms are available in literature:  
 
   
  
 
      
  
          
   
  
   
   
  
          
   
  
   
   
  
       
               (2.27) 
where: 
   
  
    is the differential solids pressure force; 
      
  
    is the differential total liquid pressure force; 
    
   
  
   
   
  
         are the acceleration forces on the solids formed by 
acceleration due to gravity and local acceleration or inertial forces; 
    
   
  
   
   
  
             are the acceleration forces on the liquid 
formed by acceleration due to gravity and local acceleration or inertial forces. 
 
Most of the models do not take into consideration the particulate character of 
the suspension and it is assumed that the solids are homogeneously 
suspended in the suspension. The inertial effects of acceleration or 
deceleration are usually neglected. Dixon et al. (1976) were the first 
researchers to focus on the study of inertial effects in sedimentation. They 
prepared a model and showed that the inertial effect cannot always be 
considered negligible. In fact, a comparison of the results of their model with 
and without inertial effects and the Kynch’s approach showed: 
- the results of the model without the implementation of the inertial forces 
were in agreement with Kynch’ s results; hence, a development of a 
continually expanding zone of graded concentration was obtained. 
Chapter 2 - Literature review 
 
24 
 
- the contemplation of the inertial forces gave no development of 
continually expanding zone. 
Font and Caballero (2001), using the same approach of Dixon et al. (1976) 
modelling as well as the parameter N, defined as the ratio between 
acceleration and inertial effects, deduced the following: 
- for N>0.1 the inertial effects and the particulate nature of the 
suspension can be neglected; an apparent discontinuity between the 
initial solids concentration and the maximum concentration does occur. 
The total liquid pressure term is formed of two contributions: static pressure 
and dynamic pressure. The former is the pressure measured at a given point 
when the liquid is stationary; the latter is the pressure associated with the 
motion of the fluid. In the free settling regime the liquid is expelled by the 
pressure exerted by the self-weight filtration of the solids. When compression 
forces are acting the liquid pressure tends to be higher than the hydrostatic 
value: the liquid is expelled upward with a consequent decrease of the excess 
pressure.  
 
The dynamic pressure can be easily calculated by the difference between the 
total liquid pressure and the static pressure as defined in Equation (2.28): 
                              (2.28) 
and it is defined as follows: 
                      
 
 
      (2.29) 
where µ is the liquid viscosity and k is the permeability. 
Hence, using Equations (2.28) and (2.29) as well as assuming the inertial 
forces negligible (Dixon et al., 1976; Fitch, 1979; Holdich and Butt, 1996; Font 
and Caballero, 2001), Equation (2.27) simplifies to: 
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               (2.30) 
Equation (2.30) can be subjected to a further simplification assuming a 
constant concentration in the differential layer such that: 
                   (2.31) 
Equation (2.31) implies that when the upper interface moves down a volume of 
fluid will permeate upwards through the layer. 
Finally Equation (2.30) assumes the form as shown in Equation (2.32): 
   
  
             
 
 
      (2.32) 
Hence, Equation (2.32) is only formed by three terms: 
1. solids stress; 
2. effective weight; 
3. fluid drag. 
Solid stress is a fundamental and relevant term in sedimentation of flocculent 
suspensions (Bürger and Wendland, 2001); it considers the formation of a 
solids structure among the clusters, at specific and defined solids 
concentration. Various relationships of the solids stress are available in the 
literature (Butt, 1996). It is worth mentioning the definition of solids stress 
given by Dixon (1978): he recognised the occurrence of solids stress both in 
free settling and in compression. Moreover he defined the solids stress as 
formed by two components: static solids stress (dependent on the solids 
concentration) and dynamic solids stress (dependent on both solids 
concentration and rate of change of concentration). Dynamic solids stress is 
the term predominant in free settling although in most of the case it can be 
neglected due to the approximation and assumption of constant concentration. 
Static solids stress is the predominant stress occurring in compression 
instead. 
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The second term represents the effective weight of the solids immersed in the 
liquid. In fact the weight of the solids is lower than the actual value due to the 
weight of the liquid displaced (i.e. buoyancy). 
Fluid drag is a retarding force on the flux of the solids downwards due to the 
flux of the liquid upwards. In free settling the drag force is balanced by the 
effective weight since there is no stress solids action. 
 
2.7.3 Modifications and solution of the force balance 
The first analysis of concentrated suspensions forming compressible 
sediments was done by Shirato et al. (1970). Experimentally, suspensions 
highly concentrated of zinc oxide and ferric oxide were prepared and 
investigated. In the theoretical analysis of the process, the compressive forces 
caused the consolidation of the sediment due to the deposition of further 
layers of solids on the top of the forming structure. In the force balance two 
main assumptions were made: 
1) all the solids weight sustained by the dynamic liquid pressure and solid 
compressive pressure; 
2) particle-particle and wall-particles friction were negligible; 
The hydraulic excess pressure (PL) was assumed to be the only driving force 
for the liquid flow through the solid network. Hence a partial differential 
equation on the variation of the hydraulic excess pressure in material 
coordinates was reported as: 
   
  
     
   
  
  
    
   
   
   
  
   
   
  
 
 
          
   
  
     (2.33) 
where PS is the solid compressive pressure, K2 is the modified permeability 
coefficient and w is the volume of solid per unit cross sectional area measured 
from the bottom of the consolidated sediment. The two boundary conditions 
and the initial one were specified as follows: 
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       at  w = 0     (2.34) 
   
  
     at  w=w0     (2.35) 
             at t=0     (2.36) 
 
Equation (2.33), however, was solved by Shirato et al. (1970) in dimensionless 
form introducing appropriate dimensionless variables. The same procedure 
was used to make Equations (2.34), (2.35) and (2.36) dimensionless. An 
experimental investigation in order to find the constitutive equations 
- ε vs. PS 
and 
- K2 vs. ε 
are required in order to solve the partial differential equation. 
Different methods to solve Equation (2.33) have been used and commented 
upon by Holdich and Butt (1997) and Pérez et al. (1998).  
Iritani et al. (2009), using the same approach of Shirato et al. (1970), were 
able to successfully predict the variation of the height over time under 
compression-consolidation process for suspensions at different flocculation 
grade of titanium dioxide (rutile) by the following equation: 
        
  
  
 
       
       
    
         
 
  
  
             
    (2.37) 
Equation (2.37) was obtained by a simplified analytical solution for the average 
consolidation ratio (Ucons), and substituting a linear relation between the 
modified average consolidation coefficient (Ce) and the total volume of solids 
per unit cross sectional area (w0) defined by: 
      ,        (2.38) 
and a power relation between the equilibrium height (H ) and w0 defined by: 
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 .        (2.39) 
 
The latter model was based on the work done by Terzaghi and Peck (1948) in 
geotechnical engineering; in fact, they characterise the behaviour of a 
sediment in terms of permeability and compressibility by the use of two 
parameters, the hydraulic conductivity or permeability (k) and the coefficient of 
volume compressibility (mv), combined in one parameter known as the 
coefficient of consolidation (Cv): 
   
 
     
        (2.40) 
where the coefficient of volume compressibility is defined as: 
   
 
    
  
   
        (2.41) 
where e0 is the volume ratio of the sediment before compression and σ’ is the 
effective solids stress. 
Although Equation (2.40) has been used for several years, it produces 
erroneous results due to the consideration of the parameters k, mv, and hence 
Cv being constants (Shirato et al., 1970). 
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2.8 The gel point 
Batch sedimentation tests are the fundamental experiments in order to design 
industrial gravitational equipment. They are inexpensive and easy to perform. 
By the analysis of the settling curve information for a proper design can be 
deduced (Coe and Clevenger, 1916; Talmage and Fitch, 1955). 
A critical parameter, fundamental for the design and optimization of thickeners, 
is the so-called gel point defined as the time when a slurry exhibits a network 
structure and forms a porous bed at the base of the vessel (Concha and 
Bürger, 2002; Gladman et al., 2006). With reference to the batch settling 
curve, it is the point in a settling curve, at which the interface goes from zone 
settling into compression, and so the lowest solids concentration at which 
aggregates are able to form a self supporting network. Due to the network 
structure, the weight of each individual cluster or particle is transmitted down 
through the network and as a result, clusters or particles within the sediment 
are subject to compressive forces (which are greatest at the base) due to the 
self-weight network of the overlying material. 
Hence, it is a useful parameter in order to obtain information regarding the 
nature of the compressibility and structure of the sediment. Unfortunately, a 
direct measurement of the compression point is not yet reliable; in fact, the 
identification of a change of the average solids concentration at the gel point 
represents a huge difficulty in any technique. 
 
2.8.1 Gel point calculation 
The definition of the gel point has been subject to miscellaneous description 
and interpretation. Several theories and mathematical models have been 
proposed for its calculation. 
Tiller and Khatib (1984) introduced a method based on the running of 
equilibrium batch settling experiments at various initial solids concentration. In 
particular they defined the volume fraction of solids at any sediment height 
(c(H)) as follows: 
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        (2.42) 
where wc is the total volume of solids below the top of the bed height (H) at 
equilibrium. Equation (2.42) permits one to calculate the solids concentration 
below the top of the sediment at any specific height. Three experimental 
values are needed: 
 initial suspension height; 
 initial solids concentration; 
 sediment height at equilibrium. 
Hence, by performing various tests and collecting the above data a linear plot 
c0H0 vs. H∞ can be drawn. The gel point is, then, determined by solving the 
following simple system of equations: 
                   (2.43) 
    .         (2.44) 
 
A different approach in order to identify the gel point is to make solid pressure 
measurements performing several batch sedimentation tests. In fact below the 
critical concentration all clusters, at the start of the test, do not form any 
network or structure and they are self supported by the liquid. 
Thus, the total pressure, at the base of the sediment, is calculated as follows: 
                 (2.45) 
where ρT is the density of the suspension at the initial solids concentration. By 
varying the total initial height (H0) and/or the initial solids concentration 
different values of pressure are obtained as well as different average values of 
the sediment concentration. At any specific value of pressure a corresponding 
value of average sediment solids concentration: by plotting pressure values 
vs. the corresponding average concentrations, the upper average 
concentration, below which no solids network is formed, can be obtained by 
fixing the following condition: 
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      .        (2.46) 
 
Beside this, Krester et al. (2003) showed the identification of the gel point, 
using the same approach, by plotting one of the following: 
o Pt=0 vs. H0   at constant c0 
o Pt=0 vs. c0   at constant H0 
o Pt=0 vs. c0H0. 
However, this approach neglects liquid pressure gradients caused by particle 
motion–i.e. dynamic liquid pressure–as previously discussed. 
 
Font et al. (1992), in a paper mainly focused on the calculation of some 
parameters by experimental data obtained in batch sedimentation tests, 
suggested a procedure to estimate both the gel point and the point 
corresponding to the boundary between zone settling and compression zone 
(called T) in metal hydroxide suspensions.  
The procedure consists of two steps: 
1. Calculation of the settling velocity by considering three consecutive 
points of the settling curve; fitting these experimental data by a second 
order polynomial, and finally derivation of the settling velocity at the 
intermediate point; 
2. Plotting in the same graph, both interface height vs. time and settling 
velocity vs. time and identification of the two points, T and gel point on 
the settling curve by the consideration of the settling velocity variation 
curve. 
In the settling velocity curve two obvious deviations were observed for almost 
all tests: point T was located where a marked decrease of the settling velocity 
was visible and the gel point was located at the end of the zone where the 
values of the settling velocity were almost constant or small variations 
occurred. 
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Once the two points above specified were identified two different procedures 
were adopted to the calculation of the critical concentration: 
a. By using the following equation: 
    
  
  
           (2.47) 
where cS1 is the volume fraction of solids corresponding to the limit between 
the non-compression and compression zones, c0 is the initial volume fraction 
of solids, H0 is the initial height of the suspension and H2
* is the height of point 
T. 
b. By using the following expression which considers the maximum 
volume fraction of solids, in case of aqueous suspensions of rigid 
spheres, equal to 0.65 (Shannon et al.1964): 
        
  
   
        (2.48) 
where ρS is the solids density. The value of 0.65 was assumed to be the 
volume fraction concentration of aggregates in contact. 
 
When the gel point is not easily identifiable in the settling curve, a plot of the 
same data in a log-log graph may help to spot the discontinuities belonging to 
each of the transition phases as shown in Figure 2.7. 
A well-known analysis and modification on plotting the experimental data for 
better identification of the transition point regime was done by Roberts (1949). 
In fact, he suggested a semi-log plot in which the sediment equilibrium height 
was taken into consideration (Figure 2.8). Extrapolating the log values and 
plotting them vs. time a linear variation of the last part of the data should be 
obtained. The initial point of this linear part of the curve was the gel point 
(Point ‘c’ on the Figure 2.8). 
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Figure 2.7 Log-log plot in order to identify the gel point (print C) as well 
as the occurrence of other discontinuities. 
 
 
Figure 2.8 Roberts plot: log(H-Heq) vs. time and Talmage and Fitch 
(1955) procedure. 
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2.8.2 Gel point and design of industrial equipment 
The design of a continuous thickener is based on conducting few batch 
settling tests. Coe and Clevenger (1916) were the first to analyse the 
sedimentation process, and propose a design method. They suggested the 
running of a few batch settling tests at various solid concentrations and initial 
heights. The experimental data required to employ this method are: 
 Variation of the interface height vs. time 
 Initial volume of the suspensions 
 Weight of the dry solids 
The linear part of the settling curve, corresponding to the constant descending 
rate of the interface, can be calculated by the slope of that linear region. All 
tests have to be performed at constant temperature in order to minimise any 
external effects on particle settling as well as through agitation of the 
suspension must be done in order to avoid any concentration gradient along 
the test vessel. By plotting the settling rate vs. reciprocal concentration a curve 
is obtained. Some data points normally fall away from the continuous curve 
allowing identification of the gel point. Therefore, the slope of the line, passing 
through the underflow concentration (calculated at a specific detention time) 
and the maximum slope of the curve below the gel point, give the mass rate of 
the solids flow per unit area through the critical zone (solids flux). It is 
important to highlight two points: 
1. the slope of the line passing through the underflow concentration may 
be varied; a suitable value can be chosen;  
2. it is common to calculate a corrected value for the solids flux, by an 
empirical expression, in order to avoid problems of under-design. 
Overall, the Coe and Clevenger procedure is easy to use and understand and 
does not require the identification of the gel point before it can be used. 
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A further design method was presented by Oltmann (Fitch, 1986). The 
procedure requires the following steps: 
1. draw the settling curve; 
2. identification of the gel point; 
3. connection of the first settling curve point (at time equal to zero) and the 
gel point; 
4. drawing a straight line parallel to x-axis and passing through the height 
corresponding to the underflow concentration (c0H0=cUHU) at a specific 
detention time; the abscissa of the point, found by the intersection of 
the two lines drawn in steps 3 and 4, gives the time to be used in the 
calculation of the flux; 
5. calculation of the critical solids flux. 
 
A similar procedure is the one explained by Talmage and Fitch (1955) shown 
in Figure 2.8. The following are the steps defined: 
1. draw the settling curve; 
2. identification of the gel point; 
3. draw a straight line parallel to x-axis and passing through the height 
corresponding to the underflow concentration (c0H0=cUHU) at a specific 
detention time; 
4. drawing a tangent to the gel point; the abscissa of the point found by 
the intersection of the two lines gives the time. In the case that the line, 
found in the step 3, passes above the gel point, the abscissa 
corresponding to the intercept of the line and the settling curve gives 
the time. 
5. calculation of the critical solids flux. 
 
The Oltmann procedure and Talmage and Fitch method are interesting 
approaches because they require only one experimental test at the lowest 
concentration in the range of interest (Rushton et al., 1996). Moreover, if the 
settling curve has an initial period it has to be considered by correcting the 
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time value to be used in the solids flux calculation. In particular, the time, at 
which the initial period occurs, has to be taken out by the total time, found in 
the step 4, of both procedures. 
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3. EXPERIMENTAL 
PROCEDURES AND MATERIAL 
CHARACTERISATION 
 
 
 
 
 
3.1 Introduction 
Tank wastes contain a wide range of solids of different size, shape and 
composition; these particles are in complex solution systems. Under specific 
chemical conditions such as pH and/or ionic strength, particles may repel each 
other or they may join together forming clusters. Further clustering may occur 
with the formation of gels. The interaction forces, between two particles within 
a liquid, are explained by DLVO theory (Biggs, 2006). This theory states that 
the total interaction energy between two particles consists of the van der 
Waals attraction term and electrostatic repulsion terms. The stability of the 
suspension, and the formation of clusters, is strongly dependent on the 
magnitude of these two terms. If attractions dominate, particles or small 
already-formed clusters can collide (due to Brownian motion or any other 
applied shear) forming larger clusters having different properties from the 
initial entities.  
In this section, the characterisation of two materials is presented: titanium 
dioxide P25 nanoparticles and magnesium hydroxide. The choice of the 
former material was to test the difficulty of its characterisation and its control in 
suspension; the latter one was provided by the National Nuclear Laboratory as 
it is one of the main materials formed in the waste nuclear tanks. 
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Particle and cluster size and shape analysis were performed using different 
methods: Scanning Electron Microscope (SEM), Transmission Electron 
Microscope (TEM), Laser Diffraction (LD), Image Analysis (IA). For both 
materials the evidence of cluster formation was highlighted and investigated 
under various applied shears.  
Further illustration of the experimental procedures as well as of the 
experimental apparatus employed in the solid-liquid separation are described 
at the end of the chapter. 
 
3.2 Colloid I: Titanium Dioxide 
AEROXIDE® titanium dioxide P25 nanoparticles (Evonik Degussa GmbH, 
Germany) were purchased as a light white powder with a nominal primary 
particle diameter of 21 nm. This powder is manufactured according to the 
Aerosil® process which is a hydrolysis of titanium tetrachloride (TiCl4) at high 
temperature (1000°C). 
 
3.2.1 Scanning Electron Microscope (SEM) and Transmission Electron 
Microscope (TEM) 
The primary particle size and shape of the TiO2-P25 powder was achieved by 
image analysis. In Figure 3.1 and Figure 3.2, at three different magnifications, 
the SEM and TEM images are shown respectively. It appears to be correct to 
describe the primary particle size of this material as being approximately 20 
nm, but it is most likely that the particles have clustered together at the 
elevated temperature used in the preparation process, and the resulting 
cluster size will be greater than 20 nm as shown in all images. The shape of 
the primary particles approximately to a regular sphere. 
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3.2.2 Solid density and Specific Surface Area (SSA) 
The specific surface area was measured by a Micromeritics ASAP 2020 and 
found to be 53.19 m2/g. The density was measured by a Micromeritics 
Multivolume Pycnometer 1305 and found to be 4034 kg/m3.  
The two measured values above were used to calculate the primary particle 
size. In fact, considering the primary particles as spheres, these values of 
density and surface area provided a primary particle size of 28 nm, assuming 
no internal particle surface area: defining the total surface area by weight (Sw) 
as follows: 
   
            
           
        (3.1) 
Therefore, expressing the mass of solid as written in Equation (3.2): 
   
 
 
             (3.2) 
and the surface area as πd2, the particle diameter could be calculated by 
substituting Equation (3.2) and the surface area formula in Equation (3.1), by 
Equation (3.3): 
  
 
    
         (3.3) 
where d is the particle diameter and ρS is the solid density. 
The calculated particle diameter was equal to 28 nm; this size will be referred 
to as ‘primary particle size’ for titanium dioxide P25 powder.  
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Figure 3.1 Scanning electron microscopy image of P25 titanium dioxide 
at various magnifications: (top) 10000x, (middle) 50000x, (bottom) 
200000x.  
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Figure 3.2 Transmission electron microscopy image of P25 titanium 
dioxide at various magnifications: (top) 100000x, (middle) 150000x, 
(bottom) 200000x.  
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3.3 Colloid II: Magnesium Hydroxide 
The Magnesium Hydroxide (Versamag grade) was provided by the National 
Nuclear Laboratory (NNL, UK). It is one of the main materials formed in the 
nuclear tanks by the oxidation of magnesium metal at strong alkaline 
conditions (pH=11-12). This powder of white colour when suspended in water, 
becomes soluble at pH below 10 and completely dissolves at acidic pH as 
shown in Figure 3.3. 
 
 
Figure 3.3 Solubility of magnesium hydroxide at various pHs. Values of 
pH from left to right: 12.1, 10.9, 9.7, 8.8, 8.5, 7.8, 3.0. (Nabi, 2007). 
 
3.3.1 Scanning Electron Microscope (SEM) and Transmission Electron 
Microscope (TEM) 
The SEM (Figure 3.4) and TEM (Figure 3.5) images show this powder is 
formed from large aggregated crystals, in turn, composed of smaller platelet-
shaped particles. The primary particle size varies approximately within the 
range of 100–200 nm. Overall, the primary crystals are strongly in contact 
forming large dense aggregates with even more irregular shape and size 
distribution as confirmed by the images.  
 
3.3.2 Solid density and Specific Surface Area (SSA) 
The specific surface area was measured by a Micromeritics ASAP 2020 and 
found to be 11.64 m2/g. The density was measured by a Micromeritics 
Multivolume Pycnometer 1305 and found to be 2354 kg/m3. Although, both 
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SEM and TEM images show the primary particles of the magnesium hydroxide 
having irregular shape, the same procedure, described above, to calculate the 
primary particle size was successful even for this material. In fact, a value of 
primary particle equal of 220 nm was obtained by using the density and 
specific surface area measured. This value will be considered the ‘primary 
particle size’ for the magnesium hydroxide.  
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Figure 3.4 Scanning electron microscopy image of Versamag 
magnesium hydroxide at various magnifications: (top) 10000x, (middle) 
50000x, (bottom) 150000x.  
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Figure 3.5 Transmission electron microscopy image of Versamag 
magnesium hydroxide at various magnifications: (top) 50000x, (middle) 
100000x, (bottom) 100000x.  
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3.3.3 X ray diffraction 
The composition of the powder supplied by NNL was analysed by X-ray 
diffraction. In Figure 3.6(A) the pattern of the sample is shown. The peaks 
shown by the sample were compared with the standard (characteristic peaks 
in red colour) of the brucite (mineral form of magnesium hydroxide). Moreover, 
as shown in Figure 3.6(B) the sample appear to be free of impurities. 
The ‘Product Information’ sheet for titanium dioxide, provided by the supplier, 
indicated an almost pure powder (≥99.5 %) with traces of: 
o Al2O3 (≤0.3%), 
o SiO2 (≤0.2%), 
o Fe2O3 (≤0.01%), 
o HCl (≤0.3 %).  
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Figure 3.6 Powder XRD pattern of Versamag magnesium hydroxide: 
sample (A) and sample with Brucite standard peaks (B).  
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3.4  Cluster formation 
It is widely known in literature that colloidal materials, defined as particles 
having size less than 1 μm, in favourable physicochemical conditions of the 
environment in which they are suspended, such as ionic strength, pH, and 
temperature, are able to come closer, collide and join together to form new 
entities referred to as clusters. Clusters are aggregates of particles having 
different properties from those of the forming particles. Different shape, size, 
solid-water ratio, type of interactions and bonds are extremely difficult to study 
and identify. However, all these properties are at the base of a satisfactory 
characterisation of the material which is fundamental for design and 
optimization of the processes. 
 
3.4.1 Particle size analysis by laser diffraction (LD) 
A dynamic light scattering equipment (Horiba LA 910) was used to monitor the 
diameter of both titanium dioxide and magnesium hydroxide particles 
suspended in solution at specific ionic strength and pH. The samples were 
subjected at various shears and sonication energy in order to monitor the 
formation of aggregates. 
Ideally, in-situ cluster analysis is required. However, the relatively high 
concentration of dispersed phase and the consequent light scattering 
problems made this impossible.  
For titanium dioxide the evidence of how easy the clusters can change, is 
provided in Figure 3.7, where a series of tests at different pump speeds 
reported with respect to the analysis time. The circulation system installed in 
the LD equipment employs a pump allowing different pump speeds 
corresponding to different shear values. An analysis at different shear helped 
to illustrate both the kinetics of the clustering and the identification of the 
equilibrium cluster size. 
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Figure 3.7 Variation of the Sauter mean diameter over time for five 
different values of shear fields created by increasing pump speed from 1 
(lowest value) to 5 (highest) during the LD analysis for titanium dioxide. 
 
Five different curves are shown in Figure 3.7; each curve corresponds to the 
kinetics of clustering at a specific value of shear, as given by the pump speed 
setting (arbitrary units). No attempt has been made to correlate the pump 
setting with energy input. Only at the lowest shear value did clustering occur to 
a significantly greater value than that initially formed: the Sauter mean 
diameter varied from an initial value of approximately 2 µm up to about 9.4 µm. 
At higher shear, lower equilibrium diameters were obtained, as large clusters 
were prevented from forming. At the highest shear, the initial diameter was 
constant over the entire time investigated at a value of approximately 2.5 µm. 
The dispersion liquid in the LD equipment, to which the sample was added for 
the measurements, had the same ionic strength composition as the 
suspension from which it was taken, and used in all the tests which will be 
reported later. A ‘primary cluster size’ value, equal to 0.1 µm, was obtained by 
the LD system, subjecting the sample to repeated intervals of sonication (up to 
a total of 20 minutes). Further sonication did not decrease the size any more 
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(Figure 3.8). This value confirms the TEM images in Figure 3.2 (at the bottom) 
in which a large cluster of approximately size of 0.1 µm is shown. 
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Figure 3.8 Primary cluster size value obtained by subjecting the sample 
to repeated intervals of sonication for titanium dioxide. 
 
Thus, it is possible to deduce two main regions of cluster formation:  
1) 0.1 µm (primary cluster size) to 2 µm; 
2) 2 µm to 9.4 µm (secondary cluster size). 
The first region will represent ‘high strength’ clusters where clusters are mainly 
formed of particles and clusters of size lower than 2 µm; the second region will 
be mainly formed of larger clusters, named ‘low strength’ clusters, and formed 
from smaller clusters. The latter, obviously, will be subjected to breakage at 
moderate shear. The size value of 9.4 µm was identified as ‘secondary cluster 
size’. 
The same technique and experimental procedure were employed for the 
magnesium hydroxide. As shown in Figure 3.9 clustering occurred only at the 
lowest pump speed (pump speed 1) although the variation of the initial and 
final size was not as relevant as for titanium dioxide; in particular, a cluster 
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size of about 2 μm grew to reach an equilibrium value of about 5 μm. 
Therefore, higher pump speeds (values of 2, 3 and 5) had negligible influence 
on cluster formation similar to what was obtained with titanium dioxide. A 
constant value, less than 3 µm, was measured at all pump speeds higher than 
1. Also in this case, the dispersion liquid in the LD equipment had the same 
characteristics of the suspension from which the sample was taken. The size 
of 5 μm was named ‘secondary cluster size’ for magnesium hydroxide. 
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Figure 3.9 Variation of the Sauter Mean Diameter over time for five 
different values of shear fields created by increasing pump speed from 1 
(lowest value) to 5 (highest) during the LD analysis for magnesium 
hydroxide. 
 
The ‘primary cluster size’, for magnesium hydroxide, was obtained by 
subjecting the sample to intervals of sonication up to 20 minutes; the 
measured minimum value was 0.9 μm as shown in Figure 3.10. 
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Figure 3.10 Primary cluster size value obtained by subjecting the sample 
to repeated intervals of sonication for magnesium hydroxide. 
 
The TEM image, in Figure 3.5 (top), shows that the primary cluster size 
measured by LD technique can be roughly identified; a large aggregate is 
formed of smaller aggregates of approximately size equal to 0.9 μm. 
All the results are presented as Sauter mean diameter, the equivalent 
spherical diameter based on a particle that has the same specific surface area 
per unit volume as that of the entire distribution. As shown in the following 
chapters, this is also the most appropriate diameter to use for permeability 
modelling, or correlation, as it is based on surface area determinations and 
hence takes account of the active surface of the particles where liquid friction 
over the particle surface will be present (neglecting form drag). 
 
3.4.2 Cluster shape in suspension (IA) 
Cluster analysis using the Particle Insight analyser (Micromeritics Instrument 
Corporation) was attempted, although this requires samples to be taken, 
diluted  and passed through an external flow cell to the system under 
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investigation. A sample of the cluster images produced is illustrated in Figure 
3.11.  
 
 
Figure 3.11 Cluster shapes determined by off-line image analysis: a 
sample of 48 of the images used. 
 
Many of the images are nearly spherical in nature, consistent with the 
expected cluster shape under mild shear, but the results are inconclusive and 
hence it was not possible to use the results to provide any meaningful insight 
in this system. 
 
3.5 Experimental conditions 
Aqueous suspensions of titanium dioxide and magnesium hydroxide at 
different solid concentration were prepared. The solids were mixed with 
Reverse Osmosis (RO) water containing the electrolytes sodium nitrate 
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(Fisher Scientific UK Ltd) and magnesium sulphate (Sigma-Aldrich Co.) as 
coagulants. The amount of both coagulants (1 mM each) was selected based 
on matching the ionic strength of the local tap water. Initial tests of titanium 
dioxide in tap water showed good separation of the two phases, and clarity of 
the supernatant. Due to the possibility of property variation of tap water, a 
reproducible system based on RO water with added electrolytes was 
preferred. For titanium dioxide the natural pH value was the one of the stored 
RO water, equal to 6. Further consideration of the pH value was given to the 
magnesium hydroxide (see Paragraph 3.3) and the chosen value was 10. 
 
3.5.1 Batch Sedimentation Tests 
Sedimentation tests were carried out in glass vessels having internal diameter 
of up to 160 mm and the variation of the interface-height with time was 
measured. All suspensions, at different solid concentrations, were reused and 
maintained at a constant temperature (25+/- 1°C). The measurement of the 
interface height between the supernatant and suspension, at solid 
concentrations of 0.3%, 0.4%, 0.5% v/v, 0.6%, 0.7% v/v, 1.0% and 1.5% by 
volume for titanium dioxide and from 3% v/v to 7% by volume for magnesium 
hydroxide, was manually recorded. A set of initial tests at these 
concentrations, in different diameter vessels from 19 mm to 160 mm, indicated 
the vessel diameter of 160 mm providing a very similar settling curve to the 
138 mm diameter vessel. Hence, the 160 mm diameter vessel (Figure 3.12 
(B)) was used and it was concluded that no ‘wall effects’ affected the settling 
suspension. The vessel was filled with suspension maintained previously, for 
at least 24 hours, at constant temperature (25 +/- 1 ºC) and periodically mixed 
(further information about mixing techniques can be found in Chapter 6). This 
ensured that the system had reached ionic equilibrium and avoided any 
thermal gradients, both of which are fundamentally important for obtaining 
reproducible solid settling behaviour. It is known that finely divided particles 
can settle in a non-reproducible way making the design, or the understanding 
of the sedimentation process difficult (Shirato et al., 1970; Fitch, 1993). Hence, 
the careful control of the experimental conditions used in these tests. 
However, the experimental error in determining the interface height was found 
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to be less than 5% over a series of settling tests. Thus, it was concluded that 
reproducible settling behaviour was achieved. 
 
3.5.2 Permeation and Filtration Tests 
Vacuum batch filtration tests were performed in a Plexiglass® cell with an inner 
diameter of 77.5 mm. The filter medium employed had a nominal pore size of 
2.7 μm (WhatmanTM 542), and was fixed on top of a metal perforated plate. 
At the base of the cell, within the filtrate line, a pressure gauge (WIKA 
Instruments Ltd) and a pressure transducer (CPC Series Honeywell S&C) 
were fixed in order to monitor the vacuum. The filtrate was pumped out using a 
peristaltic pump (Watson Marlow 101U/R) and collected in a vessel placed on 
an electronic balance (Ohaus TS4KV). The weight of the filtrate was recorded 
and a constant temperature was maintained for the filtration test. For the tests 
four different pump settings were used (10; 40; 80; and 99% of full-scale), 
which gave rise to four different shear stresses within the filter cake caused by 
increasing filtrate rate. The experimental equipment is illustrated in Figure 3.12 
(A), which shows schematically the filtration arrangement and the means by 
which permeation experiments were performed: by an overlying layer of 
supernatant being sucked through the sediment. 
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Figure 3.12 Experimental setup in filtration (A), permeation (A) and 
sedimentation (B) tests. 
 
3.6 Conclusions 
Wide characterisation of titanium dioxide and magnesium hydroxide was 
conducted by using different methods such as Scanning Electron Microscope 
(SEM), Transmission Electron Microscope (TEM), Laser Diffraction (LD), and 
Image Analysis (IA). For both materials three characteristic sizes were 
identified: 
a. primary particle size: 28 nm and 220 nm for titanium dioxide and 
magnesium hydroxide respectively; 
b. primary cluster size: 100 nm and 900 nm for titanium dioxide and 
magnesium hydroxide respectively; 
c. secondary cluster size: 9.4 micrometre and 5 micrometre for titanium 
dioxide and magnesium hydroxide respectively. 
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Two range of clusters were identified, ‘high strength’ and ‘low strength’, 
dependent on the type of interactions particle-particle, particle-cluster, and 
cluster-cluster.  
Sedimentation, permeation and filtration tests were carried out in order to 
obtain experimental data and then experimental relationships to be used in the 
mathematical models. The reproducibility of the data, known to be difficult to 
obtain for these types of colloidal materials, was successful with a careful 
identification of the experimental conditions. 
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4.1 Introduction 
Nuclear wastes are mainly formed of insoluble particles, salts and liquids. 
These mixtures are stored in tanks waiting to be eventually treated and 
processed by solid-liquid separation techniques such as sedimentation, 
filtration and centrifugation.  
The process by which small particles aggregate is known by various terms 
depending on the type of system involved and on specific convention; these 
include coagulation, flocculation, agglomeration and agglutination (Elimelech 
at al., 1995). In this section, only the coagulation process is taken into 
consideration and defined as the phenomenon brought about by reducing the 
Zeta potential of a particle suspended in an electrolyte by changing the nature 
and concentrations of the ions present (Rushton et al., 1996). 
Chapter 4 will focus on the modelling of cluster formation. After a preliminary 
and brief explanation of the experimental procedures used to collect the data, 
the modelling becomes the main part of the chapter. The experimental data 
were fitted to a mathematical model based on aggregation and disaggregation 
processes. The primary particle size was less than 1 micrometre for both 
materials, but in all cases the information derived from laser diffraction showed 
that primary clusters of 3.5 micrometres for titanium dioxide, and of 3.0 
micrometres for magnesium hydroxide were rapidly formed, which then went 
on to cluster further to provide larger aggregates (details on particle size are 
reported in Chapter 3). Hence, the modelling approach was one of cluster-
4. PARTICLE AGGREGATION 
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cluster aggregation and disaggregation, rather than primary particle 
aggregation. 
4.2 Mathematical model for reversible aggregation 
The mechanism of particle aggregation was first explained by von 
Smoluchowski (1917). The model kinetically described the variation over time 
of the number of particles changing in size. This approach was accepted for 
many years although it did not fully explain the behaviour of the aggregation in 
real suspensions. In fact, beside the aggregation further mechanisms occur 
such as shattering, rupture and erosion (Xie et al., 2008). The term ‘breakage’ 
will be used here to explain any of the mechanisms which cause the 
conversion of the clusters into smaller entities. 
The identification of aggregation or both aggregation and disaggregation 
processes is easily identifiable by the trend of the curve representing the 
variation of the number of particles over time.  
The model presented here and used to fit the experimental data takes account 
of both mechanisms aggregation and disaggregation (Starov et al., 2010). 
Assuming suspensions of primary clusters were already formed the cluster-
cluster interactions were considered. In Table 4.1 a schematic representation 
of the reactions involved in aggregation (reactions 1. and 2.) and 
disaggregation (reactions 3. and 4.) are reported. 
 
Table 4.1 Reactions of aggregation and disaggregation. 
AGGREGATION DISAGGREGATION 
1. ψ1+ψj→Ψj+1 3. Ψj+1→ψ1+ψj 
2. ψ1+ψj-1→ψj 4. Ψj→ψ1+ψj-1 
 
Defining ψ a generic cluster and j (=1, 2, 3, ...) the number of sub-clusters 
which form the main cluster ψ, four different steps can be distinguished, two 
for the aggregation process and two for the disaggregation process. Thus, 
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only a single cluster is considered to join the main cluster and only a single 
cluster is obtained in the case of disaggregation. 
Taking the four possible reactions into consideration and introducing two 
kinetic rate constants, ka and kb for the aggregation and disaggregation 
processes respectively, the following system of equations can be written: 
   
  
             
                    (4.1) 
   
  
                             for  j = 2, 3, ... (4.2) 
where: 
       
 
          (4.3) 
is the total number of clusters. The initial conditions, defining ψ0 as the initial 
number of primary clusters, are: 
             (4.4) 
          for j = 2, 3, ... (4.5) 
 
This model was used to fit the experimental data of materials investigated-
titanium dioxide and magnesium hydroxide. The method of resolution of the 
system, assumptions and comments can be found below. 
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4.3 Experimental procedure 
As already discussed in Chapter 3, laser diffraction was employed in order to 
measure and monitor the variation of the cluster diameter over time. 
The optical system installed in the equipment, Horiba LA 910, included a He-
Ne laser for large particles and tungsten halogen lamp for fine particles. The 
instrument was also equipped with a circulation system which used a 
centrifugal pump and it was also provided with an ultrasonic probe. Careful 
cleaning of the cell was done before the start of each run in order to avoid the 
presence of contaminants, such as material stuck onto the walls, which could 
strongly influence the final results. The obscuration, an essential parameter to 
be monitored in laser diffraction technique, was always within 5% in order to 
satisfy the validity of the results (Rasteiro et al., 2008).  
Two or three droplets of suspension having a solids concentration of 1% by 
volume for titania and 3% by volume for magnesia, were added to the sample 
vessel which was filled with 135 mL of solution containing 10-3 M of NaNO3 
and 10-3 M of MgSO4. It is known how sensitive magnesium hydroxide is to the 
variation of the pH hence careful control of the pH was exercised. Naturally, 
the concentration of both titanium dioxide and magnesium hydroxide in the 
Horiba vessel decreased drastically due to dilution from the initial 1% v/v and 
3% v/v concentration respectively: this point is connected with the requirement 
to keep the light transmission within an acceptable range. A larger amount of 
sample caused the obscuration level to be too high. The initial value of the 
built-in pump speed for all the experiments was always one. Five different 
shear field levels were investigated and each run was stopped when the mean 
diameter reached a constant value.  
Although, maximum sonication was always used, it was not possible to obtain 
the primary particle size in a short time. Only subjecting samples to a very long 
lenghts sonication led to have a determination of the primary cluster size. 
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4.3.1 Reproducibility of the data 
Multiple tests were performed as a test of data reproducibility which was found 
to be good for both materials. In Figure 4.1 the white blocks represent the 
values of the mean diameter, when the sample was added to the sample 
vessel and equilibrium in it was reached, for seven different runs. Grey blocks, 
are the values of the mean diameter after having subjected the sample to 1 
minute of sonication. The same procedure was performed for Versamag 
sample as shown in Figure 4.2. Only four runs were carried out in the latter 
case. 
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Figure 4.1 Reproducibility of initial mean size and first value after 
sonication for 7 repeat experiments for titanium dioxide. 
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Figure 4.2 Reproducibility of initial mean size and first value after 
sonication for 4 repeat experiments for magnesium hydroxide. 
 
4.3.2 Coagulation details 
A preliminary investigation, for titanium dioxide, was performed in order to 
understand which type of coagulation this material was subjected to.  
The initial diameter of the sample, equal to about 6.5 µm, dropped to a value 
of about 3.5 µm after having set sonication at maximum power for a period of 
time of 60 s. When the sonication was stopped the variation of the diameter of 
the sample was monitored until a constant value was reached. Two values of 
pump speeds were investigated: the lowest one available, pump speed 1, and 
pump speed ‘0’ when the pump was turned off. Hence, the predominant 
mechanism of coagulation could be identified: perikinetic in the case of an 
increase of the diameter when the pump was off (pump speed 0) or 
orthokinetic when the pump speed was 1. 
Analysing Figure 4.3, it is evident orthokinertic coagulation occurs: in fact, after 
subjecting the samples to sonication, the diameter maintains a constant value 
or gently increases until reaching a constant value when the pump speed is ‘0’ 
or ‘1’ respectively.  
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Obviously, the duration of sonication, equal to 60 s, was not enough to obtain 
clusters having the primary size. As already shown in Chapter 3, Figure 3.8 
the achievement of primary clusters size was only after a long period of 
sonication (up to 20 minutes). The error bars represent the range of variation 
of the mean diameters based on the average of duplicated data. 
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Figure 4.3 Trend of the mean diameter over time for two different shear 
field levels: pump speed 1 (□) and pump off (○) for titanium dioxide. 
 
For this reason, the aggregation model will focus on the cluster-cluster 
aggregation/disaggregation rather than particle-particle 
aggregation/disaggregation. The same approach was used for studying the 
mechanism of aggregation for magnesium hydroxide. Experimental evidence 
for this will be shown in the next paragraphs.  
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4.4 Computer simulations 
Numerical computer simulations had to be carried in order to solve the 
unsteady problem. In particular, the solution of the system of differential 
Equations (4.1) and (4.2) was found out by numerical computer simulation 
using as software COMSOL® Multiphysics 4.2a. The initial conditions, 
Equations (4.4) and (4.5), as well as the condition of conservation of the total 
number of clusters in the system (Equation (4.6)) were implemented. The 
latter equation was: 
        
 
          (4.6) 
Moreover, both kinetic constants for aggregation (ka) and disaggregation (kb) 
were combined in a single parameter called ‘Q’ (=kb/ka). The new parameter, 
defined as the ratio of the two kinetic constants simplified the analysis and 
calculation to have only a single ‘curve-fitting’ parameter rather than two.  
In order to run simulations the problem was preliminarily reduced to a steady 
state as shown in the following Equations (4.7) and (4.8): 
              
                    (4.7) 
                              for j = 2, 3,... (4.8) 
The solutions of the steady-state problem are represented by Equations (4.9) 
and (4.10): 
    
 
 
 
  
 
    
   
 
   
   
  
 
       (4.9) 
      
  
 
 
   
         (4.10) 
 
Assuming the sample, added to the laser diffraction equipment (Horiba), 
formed of primary clusters (d0=0.1 µm for titanium dioxide and 0.9 µm for 
magnesium hydroxide), the concentration in number of primary clusters could 
be calculated by Equation (4.11): 
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                (4.11) 
where c0 is the concentration by volume of the droplets added to the Horiba 
sample vessel, VS and VL are the volume of the solids and of the liquid 
respectively. 
Further assumptions were: 
1. primary clusters were considered as being the primary particle; 
2. the shape of the clusters was perfectly spherical; 
3. the primary clusters were randomly placed in each cluster; 
4. all clusters had the same ratio solid/liquid; 
Therefore, the number of clusters in the Horiba cell at equilibrium could be 
calculated by Equation (4.11) with the appropriate modifications (the liquid in 
which the sample was dispersed had to be considered). 
In Tables 4.2 and 4.3, the number of primary clusters in the clusters at the 
equilibrium diameter, at any pump speeds investigated, and the final number 
of clusters formed in the Horiba cell are reported for titanium dioxide and 
magnesium hydroxide respectively.  
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Table 4.2 Number of titanium dioxide primary clusters within clusters at 
equilibrium and final number of clusters in the cell, at different pump 
speeds and solidosity. 
Solidosity*: 0.7% v/v 1% v/v 3% v/v 
Pump 
speed 
Equilibrium 
Cluster 
Diameter 
(µm) 
No. 
primary 
clusters 
in 
cluster 
No. 
clusters 
No. 
primary 
clusters 
in 
cluster 
No. 
clusters 
No. 
primary 
clusters 
in 
cluster 
No. 
clusters 
1 10.6 1057 2*108 1494 1*108 4528 4*107 
2 4.4 75 3*109 106 2*109 320 6*108 
3 3.3 32 6*109 46 4*109 138 1*109 
4 2.9 21 9*109 30 6*109 92 2*109 
5 2.8 20 9*109 28 7*109 85 2*109 
* where solidosity is equivalent to solid concentration by volume. 
 
In Table 4.2, three different values of cluster solidosity were considered. 
These values are relevant to the sedimentation tests: the two lower values 
were two of the initial solid concentrations investigated and the highest was 
the average maximum value of compaction of the sediment at specific initial 
mixing conditions. The two initial concentrations were chosen around the value 
of the gel concentration: 0.7% v/v and 1% v/v were believed to be below and 
above the gel concentration respectively. Obviously, the highest cluster size is 
obtained at the lowest pump speed. The higher pump speed the lowest cluster 
size. Larger clusters contain a larger number of primary clusters and their 
number increases with the cluster solidosity. Finally, the number of clusters at 
equilibrium increases with the pump speed: in fact, high values of pump speed 
mean high shear fields and disaggregation rate. Hence, high shears induce 
the formation of a larger number of smaller clusters. 
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Table 4.3 Number of magnesium hydroxide primary clusters within 
clusters at equilibrium and final number of clusters in the cell, at 
different pump speeds and solidosity. 
Solidosity*: 3% v/v 7% v/v 15% v/v 
Pump 
speed 
Equilibrium 
Cluster 
Diameter 
(µm) 
No. 
primary 
clusters 
in 
cluster 
No. 
clusters 
No. 
primary 
clusters 
in 
cluster 
No. 
clusters 
No. 
primary 
clusters 
in 
cluster 
No. 
clusters 
1 5.2 8 3.3*109 19 1.4*1010 41 6.6*108 
2 3.35 2 6.1*1010 5 2.6*1010 11 1.2*1010 
3 3.08 2 8.0*1010 4 3.4*1010 8 1.6*1010 
* where solidosity is equivalent to solid concentration by volume. 
 
Although the aggregation for magnesium hydroxide was not as relevant as for 
titanium dioxide, the same approach was adopted in order to find the values to 
be used in the simulations. The values of solidosity were very much higher 
than the values used for titanium dioxide. The sediment reached an average 
concentration of 15% v/v. Therefore, all initial concentrations were above the 
gel point, so the two extreme values of the range of the investigated 
concentrations were chosen. Only three values of pump speed were 
investigated: higher values than pump speed 3 did not give any evidence of 
aggregation, or it is more accurately to say that, the disaggregation rate 
became comparable to the aggregation rate in order to have equilibrium 
between the two processes (constant diameter over the whole measurement 
time). Moreover, the expected variations, already shown in Table 4.2 for 
titanium dioxide, about the number of primary clusters within the clusters and 
the number of clusters at the equilibrium in the system are shown in Table 4.3 
for magnesium hydroxide. 
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Results of the simulations are shown in Figure 4.4 and Figure 4.5 for titanium 
dioxide and magnesium hydroxide respectively.  The inverse value of the 
plateau, corresponding to each simulated curve, gives the average number of 
primary clusters in a cluster (or average aggregate size) for each value of 
shear field. In other words, it represents a measure of average aggregate 
volume. In both cases a fair match of the experimental data can be observed 
at any pump speed value. However, the largest gap between experimental 
and predicted values is at the lowest pump speed where the aggregation is 
significant and more predominant than disaggregation: in fact the theory 
predicts an equilibrium value higher than the experimental one for both 
materials. This discrepancy between the values, at the lowest pump speed, 
finds an explanation in considering the occurrence of perikinetic coagulation 
rather than only orthokinetic. Hence, at low shear values, coagulation is 
formed by two contributions: one of significant orthokinetic nature and a 
second smaller one due to the Brownian motion.  
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Figure 4.4 Experimental and simulated time evolution of titanium dioxide 
clusters. 
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Figure 4.5 Experimental and simulated time evolution of magnesium 
hydroxide clusters. 
 
Finally, in Figure 4.6 and Figure 4.7, the different values of the parameter Q 
versus the pump speed values (shear field levels) are plotted for titanium 
dioxide and magnesium hydroxide respectively. As expected, the value of Q 
increases with the increase of the shear field. This means that, at higher 
values of the shear field, disaggregation exceeds aggregation and clearly the 
disaggregation kinetic rate constant is higher than that for aggregation (refer to 
each value of pump speed). The data shown are in agreement with the ones 
available in literature using different materials and different experimental 
techniques (Serra and Casamitjana, 1998). 
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Figure 4.6 Value of the parameter Q versus pump speeds for titanium 
dioxide. 
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Figure 4.7 Value of the parameter Q versus pump speeds for magnesium 
hydroxide. 
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4.5 Conclusions 
Understanding cluster formation is an important aspect in modelling 
sedimentation. Both titanium dioxide and magnesium hydroxide, illustrated 
here, have a primary particle size below what would reasonably be expected 
to sediment. Independent analysis of size analysis (using laser light 
scattering), under identical conditions of ionic liquid composition and pH to that 
used during sedimentation, permeation and filtration, demonstrated that 
clusters are readily formed and appreciable cluster sizes in range of 5-10’s of 
micrometres are possible under appropriate conditions. In the absence of 
shear the cluster size remained at this value and no visible sedimentation took 
place in the laser light scattering device. However, in the presence of very low 
shear fields, considerable further aggregation of the primary clusters did occur, 
giving significantly larger secondary clusters. Hence, the modelling approach 
adopted was one of considering cluster formation based on primary and 
secondary clusters, rather than cluster formation from primary particles. The 
net rate constant for the aggregation and disaggregation of the primary 
clusters was determined, as a function of the shear used in the laser light 
scattering equipment.  
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5. PARTICULATE CLUSTERS 
AND PERMEABILITY IN 
POROUS MEDIA 
 
 
 
 
 
5.1 Introduction 
In any process where a fluid flows through a porous media, such as 
sedimentation (Font et al., 1994), permeation (Tiller et al., 1999; Font, 
and García, 2001) and filtration (Shirato et al. 1969; Iritani, 2003), the 
permeability of the solids forming the porous medium governs the 
frictional loss. Hence, the observed rates of filtration, permeation and 
sedimentation are determined by permeability, and process design and 
understanding would benefit from a method to reliably predict the 
permeability from a knowledge of the particle size distribution. Clustering 
may be desirable in certain circumstances, such as to enhance the 
sedimentation rate, but it will interfere with particle size analysis, or 
characterisation, as the result will be dependent on the prevailing 
conditions during the analysis, which are likely to be very different to the 
conditions to be found in the process being designed. 
In the work reported here, the permeability of the porous medium 
constituted by the clustered solids is investigated during sedimentation, 
permeation and filtration for both titanium dioxide and magnesium 
hydroxide. Variation of the solids structures depending on the applied 
pressure are related to the permeability with particular attention on the 
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path flow of the liquid through the matrix formed of clusters of various 
size. The permeability values were connected to the size through the 
Happel and Brenner cell model and the results compared with what was 
predicted from the particle size data analysis. Finally the relationships, 
permeability versus solid concentration, for both materials, were obtained 
to be used in the modelling work. 
 
5.2 Fluid permeability in sedimentation 
Darcy’s law (Equation (5.1)) was the correlation employed to relate the 
pressure drop (ΔP) and the superficial velocity (u): 
  
 
  
 
 
          (5.1) 
where k is the hydraulic permeability, μ is the dynamic viscosity and L is 
the bed height. 
 
In sedimentation, variations of the liquid pH, ionic strength and 
temperature are well known to influence the separation process with the 
occurrence of sub-processes such as particle aggregation (Nabi, 2007; 
Iritani et al., 2009) which affects the deviation of the parameters, such as 
permeability, from the expected values. The permeability (k) can be 
deduced from an overall force balance, in which the solid stress term and 
inertial forces term may be neglected. Only equating the unbuoyed 
weight of solids and the liquid drag terms the permeability can be 
deduced by settling data. In fact, this approach is only valid when no 
solid stress is transmitted through the solids network, hence only at the 
start of the process when the interface height supernatant suspension 
decreases linearly. The slope of the line belonging to that region will be 
the solid settling velocity to be replaced in the simplified force balance in 
order to calculate the permeability. More details about this can be found 
in Chapter 7.  
Sometimes, in flocculated suspensions, the linear region of the settling 
curve is preceded by the so-called initial period; the interface, then, 
descends with increasing velocity. This corresponds to a rearrangement 
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period of time of the suspension due to external perturbations (Rushton 
et al., 1996) or by the formation of stable clusters after the mixing of the 
suspension to avoid concentration gradients. From this the derivation of 
the problem to identify the correct value of the settling velocity: a tangent 
to the initial period or the linear region which follow the initial period 
(Chen et al. 1996). 
 
5.3 Fluid permeability in filtration 
There are a number of published works investigating the influence of 
particle size and shape, particle size distribution, pH and nature of 
particle-particle interactions on filtration (Wakeman et al., 1991; Iritani et 
al., 1997; Wu et al., 2003). In all cases, the particle size distribution within 
a cake is critically important for determining the permeability and, hence, 
the rate of filtration. However, it may be the size (or size distribution) of 
the particle, or cluster, that is important.  
 
For the analysis of laboratory filtration tests two main approaches were 
adopted: constant pressure and constant rate filtrations. In the former 
case it is usual to plot a linear graph of filtration time divided by filtrate 
volume (t/V) against filtrate volume (V), as described by the following 
equation: 
 
 
  
   
     
  
   
   
        (5.2) 
where C is the dry mass of solids per unit filtrate volume (also known as 
the effective feed concentration in mass per unit volume units), α is the 
specific cake resistance and Rm is the medium resistance. There are a 
number of methods and equations that can be used to determine the dry 
cake mass per unit volume of filtrate. If the cake concentration by volume 
fraction (c) can be independently determined, possibly by material 
balance from a known starting concentration, then it is possible to use 
Equation (5.3) 
Chapter 5 – Particulate clusters and permeability in porous media 
 
76 
 
  
 
     
  
 
     
   
         (5.3) 
where s is the solid concentration as a mass fraction of the slurry to be 
filtered.  
If the cake filtration is carried out with a constant filtrate flow, due to an 
increase of the pressure across the filter during the formation of the cake, 
the fundamental equation (constant rate) is defined by Equation (5.4): 
   
    
   
  
    
  
        (5.4) 
In Equation (5.4) the filtration pressure is a linear function of the filtrate 
volume. Both Equations (5.2) and (5.4) assume incompressible filtration 
cake behaviour: i.e. pressure, volume and time are the only variables for 
a given filtration. 
 
Equation (5.5) is a simple relation between the specific cake resistance 
and permeability of the filter cake: 
  
 
   α
          (5.5) 
A number of experimental techniques (Tiller and Lu, 1972) and analyses 
of the cake behaviour and structure have been published (Holdich et al., 
1994; Tiller et al., 1995; Tarleton, 2001) and these indicate that within a 
filter cake it is usual to have a reasonably uniform concentration 
throughout the cake so that the incompressible filtration equations may 
be applied, but that the solid concentration of the cake may differ 
between filtrations at different pressures. Hence, the occurrence of 
different values of cake concentration at different pressures does not 
invalidate the incompressible analysis of each individual filtration, so long 
as the appropriate value of concentration is used in that analysis. 
 
The permeability of water through particulate solid structures, at different 
solid concentrations and final compactions, was investigated in the 
laboratory during sedimentation, permeation using Equation (5.1) and 
filtration using Equations (5.2) and (5.4). The intention was to compare 
the experimental permeability to the well-known Happel’s cell model, 
taking into account possible particle clustering during the processes, and 
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comparing the values with independently measured particle size data. 
Particle size tests were performed at the same experimental conditions of 
the sedimentation, permeation and filtration experiments. In fact, it may 
be erroneous to measure the particle size distribution of solids under 
conditions that are not identical to those to be achieved within the 
filtration compact. Realistically, exact conditions are unlikely to be 
achieved and may cause concern over the relevancy of particle size 
analysis to characterise material for filtration, or sedimentation, 
processes.  
For the prediction of permeability, for comparison or to be used in 
Equations (5.1) and (5.5) the Happel and Brenner equation for 
permeability was used: 
  
     
 
    
 
         
 
        
 
  
        (5.6) 
where dSV is the Sauter mean diameter of the particle distribution. In this 
work, Equation (5.6) is used to rationalise the measured permeabilities, 
which are formed by the particle clusters. Moreover, for design purposes, 
Equation (5.6) would be used after obtaining a particle size distribution, 
followed by the other equations for process modelling.  
 
5.4 Analysis of the data 
The permeation of water through the structures formed during 
sedimentation, permeation and filtration processes was investigated. The 
structures were subjected to different shear stresses due to variation of 
the fluid flow. The size of the particulate clusters formed within the solid 
structures, and their variation with prevailing shear, were deduced. Table 
5.1 and Table 5.2 provide details of all the experimental conditions for 
each process for titanium dioxide and magnesium hydroxide respectively. 
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Table 5.1 Experimental conditions used in sedimentation, 
permeation and filtration tests for titanium dioxide. 
Parameter Sedimentation Permeation Filtration 
Initial solid 
concentration 
(%v/v) 
0.3, 0.5, 0.7, 0.9, 
1.0, 1.5 
0.7, 1.0, 1.5 
0.7, 1.0, 1.5, 
2.0, 3.0 
Pump speed (%) - 10, 40, 80, 99 10, 40, 80, 99 
Duration of 
separation 
(minutes) 
210 to days 
Min: 30 
Max: 90 
Min: 15 
Max: 720 
 
Table 5.2 Experimental conditions used in sedimentation, 
permeation and filtration tests for magnesium hydroxide. 
Parameter Sedimentation Permeation Filtration 
Initial solid 
concentration 
(%v/v) 
3.0, 4.0, 5.0, 6.0, 
7.0 
3.0, 4.0, 5.0, 6.0, 
7.0 
3.0, 4.0, 5.0, 6.0, 
7.0 
Pump speed (%) - 10, 40, 80, 99 10, 40, 80, 99 
Duration of 
separation 
(minutes) 
180 to 1440 
Min: 20 
Max: 65 
Min: 45 
Max: 210 
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In hindered sedimentation the fluid flows past the clusters without any 
external or added force. In order to calculate the permeability it was 
important to ensure that no solids stress gradient was acting or if so it 
was negligible at least at the start of the tests where the variation of the 
interface height over time was fundamental for the identification of the 
settling velocity to be used in the simplified force balance (see Chapter 7 
for further details and formula). For titanium dioxide, this was tested by 
the use of liquid pressure measurements for titanium dioxide; a pressure 
transducer, placed at the bottom of the cell, was used to monitor the 
liquid pressure with time. As shown in Figure 5.1, at the start of the 
sedimentation the solids are fully suspended in the liquid and all the 
weight of the solids is supported by the liquid. Hence, the liquid is, in 
effect, a homogeneous liquid of density greater than that of the 
suspending water. During settlement the solids establish a solids network 
(Buscall and White, 1987) and a growing proportion of the weight of the 
solids became supported by that network; i.e. the solids stress gradient 
took some time to form and then increased with time. When all the solids 
have settled, the weight of the solids is no longer supported by the liquid 
drag term; and all the weight is supported by the stress gradient. These 
liquid pressure tests provided readings of pressure that were within 5% of 
the expected pressure value using the above, fully liquid supported, 
rationale. 
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Figure 5.1 Variation of the liquid pressure versus time for titanium 
dioxide. 
 
Interesting experimental outcome regarding cluster formation for titanium 
dioxide was given by a filtration test. In fact, the initial filtration test was 
performed using the solids suspended in RO water, with no electrolytes 
present. In this case the solids were well dispersed, showing no signs of 
cluster formation or sedimentation. At any pump speed rate, and even 
under the gentlest of vacuum filtration conditions (i.e. the lowest setting 
on the pump used to suck water through the filter paper), it was not 
possible to form a filter cake. The finely dispersed solids were clearly 
sufficiently dispersed to pass through the pores of the filter medium and 
into the filtrate with no apparent loss of solids concentration, or filter cake 
formation. Hence, all the following reported filtrations were performed 
under the same ionic conditions used for the sedimentation and particle 
size analysis tests reported in Chapter 3. Under these conditions a filter 
cake formed readily. 
Tables 5.3 and 5.4, for titanium dioxide and magnesium hydroxide 
respectively, illustrate how the tests were performed, taking into account 
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the natural tendency for the solids to settle and the response of the 
equipment used to perform the test work. In the latter case, the use of a 
peristaltic pump to suck the filtrate through the filter cake, or permeate 
compact. 
 
Table 5.3 Test conditions in filter cell for the different initial solid 
concentration suspensions of titanium dioxide and various pump 
suction settings where CR is Constant Rate and P is constant 
Pressure filtration. 
Pump 
speed: 
10 40 80 99 
0.7% v/v permeation permeation 
permeation & 
CRfiltration 
permeation & 
CRfiltration 
1.0% v/v permeation 
permeation & 
CRfiltration 
permeation & 
CRfiltration 
permeation & 
CRfiltration 
1.5% v/v permeation 
permeation & 
CRfiltration 
permeation & 
CRfiltration 
permeation & 
CRfiltration 
2.0% v/v P filtration P filtration P filtration P filtration 
3.0% v/v - P filtration P filtration P filtration 
 
Table 5.4 Test conditions in filter cell for the different initial solid 
concentration suspensions of magnesium hydroxide and various 
pump suction settings where P is constant Pressure filtration. 
Pump speed: 10 40 80 99 
3.0% v/v 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
4.0% v/v 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
5.0% v/v 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
6.0% v/v 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
7.0% v/v 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
permeation & 
Pfiltration 
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Hence, analysing Table 5.3, tests at low concentrations and low applied 
pressure (i.e. low pump speeds) showed significant sedimentation; 
therefore filtration tests were not possible under these conditions, only 
permeation tests after sedimentation was complete. Using the higher 
solids concentration, 2% v/v and 3% v/v, the cake readily formed and a 
constant pressure was established: it was not possible to run under 
conditions of constant rate at these concentrations. For intermediate 
values of concentration and pressure both permeation as well as 
constant rate filtration tests were possible. For magnesium hydroxide, the 
initial high concentration of the suspensions did not permit any constant 
rate filtration. In fact, only permeation and constant pressure filtration 
tests were carried out at any concentrations as shown in Table 5.4. 
 
5.4.1 Permeability and particle size determination for titanium 
dioxide 
Figure 5.2 shows the variation of solid concentration obtained from 
sedimentation, permeation and filtration tests. The solid compact 
concentration was determined by mass balance, from a knowledge of the 
initial mass of solids used, and the final height of the compact formed 
during the all three processes. The uncertainty bars on the figure 
represent the minimum and maximum value that the concentration could 
possibly be, depending on the degree of precision of the measurement of 
the sediment, or cake height. This was measured to +/- 0.5 mm, hence 
the concentrations reflect values calculated from the mass balance with 
an uncertainty of +/- 0.5 mm around the measured height after the test. It 
is assumed that the cake is of uniform concentration throughout its 
height. For the permeation tests, sedimentation preceded the permeation 
to form the compact to be tested, and then the overlying supernatant was 
sucked through the compact at a series of different pump settings and 
hence pressure drops. Despite the difference in pressure applied to the 
permeation tests the compact height, and therefore, solid concentration 
of the compact remained very stable; after an initial rise from the 
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concentration formed during sedimentation of 3% v/v to the value 
obtained during permeation of between 8 to 9% v/v. 
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Figure 5.2 Dependence of solid cake concentrations on pressure in 
filtration, permeation and sedimentation processes for titanium 
dioxide. 
 
By contrast, when filtering the solids from the start, i.e. in the absence of 
any sedimentation before filtration occurred, the filter cake concentration 
was a function of the applied filtration pressure. The concentrations of the 
vacuum formed filter cakes varying from 11 to 15% v/v, roughly 
increasing with cake forming pressure, whereas the concentrations of the 
permeation cakes were roughly constant. Visual observation of the 
compacts supported these results: a noticeably wet cake was formed 
from the permeation tests and a stronger and much drier cake from 
filtration. 
 
In Figure 5.3 Deduced permeability with solid concentration in filtration, 
permeation and sedimentation tests for titanium dioxide., the 
experimentally determined permeability corresponding to the different 
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solid concentrations for all three processes: sedimentation, permeation 
and filtration for titanium dioxide, is reported. The highest values of 
permeability are formed in sedimentation in which the clusters are 
uniformly suspended at low concentration in the porous medium. In 
permeation, the formation of a more compact solid bed is evident, with a 
decrease in permeability value, but with only very limited variation of solid 
concentration despite the different pressure used in the tests. It is logical 
that the variation in permeability is also limited for the permeation tests. 
The lowest permeability is found in filtration where maximum compaction 
of the cake occurs and there is a wide range of concentrations possible.  
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Figure 5.3 Deduced permeability with solid concentration in 
filtration, permeation and sedimentation tests for titanium dioxide. 
 
The permeability values obtained from the different tests have been 
converted to Sauter mean diameters, using Equation (5.6) and plotted in 
Figure 5.4. In this conversion the Happel and Brenner cell model was 
rearranged for Sauter mean diameter and the measured values of both 
permeability and solid concentration were substituted into the equations. 
The data illustrated in Figure 5.4 covers two orders of magnitude for 
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particle, or cluster, size and seven orders of magnitude for permeability. 
It suggests that the sedimentation tests had cluster sizes of close to 9.4 
microns and for the highest shear filtration tests the particle size, 
determined from permeability, is slightly less than 100 nm. This 
information conforms well to the data presented in Chapter 3, Figures 3.7 
and 3.8. The inference is that in high shear filtration the filtrate flows 
rapidly through the filter cake and can easily penetrate, or disrupt, cluster 
formation. Hence, the correct particle size to use for permeability 
prediction in Equation (5.6) would be between the primary particle size 
(28 nm) and the primary cluster size (Figure 3.8) as determined by the 
LD tests using very high energy input (100 nm). At low shear, such as 
during sedimentation, the measured cluster size of 9.4 microns (Figure 
3.7) is appropriate. Hence, it is possible to use the particle/cluster sizes 
determined in particle size analysis by LD in a predictive fashion for 
permeability as also illustrated in Figure 5.4, by the linear plots 
superimposed on this figure, described as follows. The sedimentation 
data was performed at starting concentrations between 0.5 and 1.5% v/v, 
and gave rise to a sediment bed of 3% v/v. Using these two values of 
starting solid concentration, together with the low shear cluster size of 9.4 
microns, the starting points for the two lines in the top right hand corner 
of the graph are determined: two lines are required to cover the lowest 
and highest concentrations appropriate to sedimentation (0.5 and 3.0% 
v/v). The end point of the lines, in the bottom left hand corner of the 
graph, comes from the 28 nm value determined from the surface area 
and density determinations. The explanation for using this value is that 
under high shear the fluid flow will be over the surface of the primary 
particles within the formed cake and not across any of the clusters. 
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Figure 5.4 Sauter mean diameter and corresponding permeability 
deduced from experimental readings and the predicted operating 
envelope based on particle characterisation for titanium dioxide. 
 
A solid concentration is also required, for use in Equation (5.6), and in 
this case it is one provided by the measurement of cake height and 
material balance, in order to provide the final assumed uniform cake 
concentration. The two lines converge at this point, due to a single value 
of concentration used during the filtration, and the area between the two 
lines represents the operating envelope of expected permeability for the 
titanium dioxide material, over conditions of cluster formation and under 
conditions of different shear. The measured data, obtained over the 
different techniques, fits within the predicted operating envelope. If it is 
desired to obtain a relation between concentration and applied pressure, 
then this can be achieved from Figure 5.2 by fitting a power law equation 
through the data points: from sedimentation, the lowest pressure for 
permeation and the best fit between the filtration data. Such a plot, and 
its resulting equation, would enable the calculation of concentration for 
use in Equation (5.6) for the purpose of permeability prediction. The 
correct ‘cluster size’ to use in the equation depends on the process itself: 
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a low shear cluster size appears appropriate for sedimentation (9.4 
microns), in permeation and filtration the cluster size appeared to be 
close to 100 nm, the ‘primary cluster’ size measured by LD by the 
application of high energy input. 
 
5.4.2 Permeability and particle size determination for magnesium 
hydroxide 
The experimental data collected for magnesium hydroxide were analysed 
with the same approach used for titanium dioxide. Although, for 
magnesium hydroxide the initial concentrations were considered above 
the gel point, the approximation of no solid stress in order to calculate the 
permeability was assumed. Moreover, in Chapters 3 and 4, a lower 
tendency to form clusters than titanium dioxide was shown. 
The variation of the average solid concentration of the sediment and 
cake in sedimentation, permeation and filtration is shown in Figure 5.5. In 
this case, there is no large difference in the values despite the 
employment of a different separation technique. The concentration, in 
fact, has an almost constant value of 18% v/v with a minimum reached in 
sedimentation of 15% v/v and a maximum of 20% v/v in filtration and 
permeation. This result is quite understandable if compared with the 
results obtained in particle size analysis: the cluster size varied from 0.9 
µm under intense sonication up to approximately 5 µm at the gentlest 
pump speed. Hence, these small clusters could be easily broken by the 
liquid flow: in fact, the liquid did not likely have different paths as 
explained for titanium dioxide but it mostly flowed through the clusters. 
Therefore, the smaller particles could flow, filling the voids across the 
cake and forming structures highly compact in both permeation and 
filtration. 
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Figure 5.5 Dependence of solid cake concentrations on pressure in 
filtration, permeation and sedimentation processes for magnesium 
hydroxide. 
 
In Figure 5.6, where the variations of the permeability with the average 
solid concentration, two regions are noticeable: one for sedimentation 
and another for permeation and filtration. As expected, the higher values 
of permeability are obtained in sedimentation where the solid forms 
structures at higher concentration without any external added pressure. 
In permeation and filtration no substantial difference in the values of 
permeation is observable: the value has an average value of 10-13 m2 in a 
concentration range between 0.14-0.22% v/v. 
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Figure 5.6 Deduced permeability with solid concentration in 
filtration, permeation and sedimentation tests for magnesium 
hydroxide. 
 
The values of permeability were converted to size by using Equation 
(5.6). The variation of the Sauter mean diameters with the permeability 
for sedimentation, permeation and filtration are illustrated in Figure 5.7. 
The two lines were calculated considering the primary particle size of 220 
nm (calculated by the surface area and density measured and confirmed 
by SEM and TEM pictures (Figs 3.4 and 3.5)) and the value of cluster 
size obtained in the particle size analysis by LD at the lowest pump 
speed, approximately 5 µm (Figure 3.9). Moreover, the solids 
concentrations taken into consideration were the lowest initial suspension 
concentration in sedimentation (3% v/v) and the average sediment 
concentration (15% v/v). The permeability corresponding to the common 
point of the lines was calculated by considering the lowest value of solids 
concentration obtained in sedimentation. 
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Figure 5.7 Sauter mean diameter and corresponding permeability 
deduced from experimental readings and the predicted operating 
envelope based on particle characterisation for magnesium 
hydroxide. 
 
The data obtained in permeation and filtration fit within the predicted 
operating envelope. Only one data point of sedimentation, at the highest 
initial solids concentration (7% v/v), seems to be within the envelope 
enclosed by the lines. A reason for that could be the approximation of the 
particle/clusters shape. In fact, both the particle and the cluster shape of 
the magnesium hydroxide were considered as being spherical although 
both SEM and TEM images (Figs. 3.4 and 3.5) shows the shape to be 
highly irregular and hence from this the difficulty to identify a specific 
shape to be used in the modelling approach. Moreover, the high 
production of channelling, observed during the tests, affected the settling 
velocities with a consequent identification of altered velocities which led 
to values of cluster size far from the ones obtained in the particle size 
analysis.  
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5.5 Conclusions 
The prediction of permeability for the purpose of solid-liquid separation 
and contacting of colloidal suspensions is complicated by the variability 
of both concentration and apparent particle size due to cluster formation. 
Clustering can be beneficial, improving sedimentation rates and filtration 
permeability, but it is difficult to predict and control within designs. It was 
possible to correlate the resulting Sauter mean diameters arising from 
the particle size analysis, at different shear conditions, with the apparent 
cluster (or particle) size observed during the operations of sedimentation, 
permeation and filtration of water through particle/cluster beds via the 
measured permeability and the predicted permeability based on Happel’s 
cell model. For the purpose of design considerations, it is proposed that 
Happel’s model can be used to provide the permeability of the clusters 
measured under low shear during particle characterisation. This, together 
with the suspension concentration, will provide the upper-limit of the 
expected permeability. Measurement of the primary particle size was 
used to provide the absolute lower-limit of the expected permeability. The 
practical lower limit may come from the use of high energy input to 
disrupt the clusters during LD analysis. These values can be used to 
determine sedimentation and filtration rates during processing at, and 
between, these limits.  
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6. SETTLING VELOCITY IN 
HINDERED AND NETWORKED 
SYSTEMS 
 
 
 
 
 
6.1  Introduction 
During settling of suspensions that have a tendency to form clusters two 
different physical processes occur: sedimentation of separate clusters and 
consolidation of the porous medium on which the weight of the particles is 
partially borne mechanically and partially by hydraulic forces (Kos, 1985). 
In order to estimate the capacity of a settling unit, the rate of sedimentation 
has to be known. The mixing technique as well as the applied shear is well 
known to affect the behaviour of the clusters mainly in term of size, settling 
velocity and final sediment concentration (Michael and Bolger, 1962; Scott, 
1969; Akers et al., 1987; Holdich and Butt, 1995 and 1996). In addition, fluid 
viscosity, density, cluster shape and orientation, convection currents in the 
surrounding fluid, chemical pre-treatment of the feed suspension and 
temperature are extra factors which have limited control. 
In this chapter a qualitative investigation, into the effect of three types of 
mixing techniques and four different shears were undertaken in vessels having 
two different internal diameters. A critical analysis of the settling curves and of 
the variation of the settling velocity versus time was done in order to 
investigate at what velocity the clusters reach a stable form (Kovalchuk et al., 
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2009). Therefore, correct identification of the settling velocity at any 
concentration of the suspension allowed estimation of the most likely average 
particle size, at infinite dilution, by applying the well known Richardson and 
Zaki approach (1954) already tested by different authors (Bodman et al., 1972; 
Font et al., 1992; Chen et al., 1996; Turian et al., 1997). A modification of the 
Richardson and Zaki equation, in order to take into consideration the presence 
of clusters, is also presented based on the average packing of the final 
sediment. 
 
6.2  Mixing 
The suspensions used in the sedimentation tests were previously prepared in 
large vessels and maintained, for 24 hours at least, at constant temperature 
(25+/- 1°C) with constant agitation. A preliminary investigation, using vessels 
of various internal diameter (from 19 to 160 mm), was done to identify the 
most appropriate diameter of vessel to be used in order to minimise secondary 
effects, such as wall effects (Di Felice and Parodi, 1996) which interfere with 
the correct evolution of the settling data. Hence, the results presented here 
were obtained in the vessel of 160 mm. Nevertheless, some data performed in 
cylinders of internal diameter of 55 mm, will be shown as well, to illustrate 
mixing techniques. 
Various mixing techniques were employed to maintain suspensions in 
continuous agitation; this allowed monitoring of the influence of the applied 
shear on the cluster size distribution, settling regime, porosity of the sediment 
and settling velocity. In particular, three mixing techniques were employed in 
the 160 mm vessel and one mixing technique in the cylinder of 55 mm. ‘Mixing 
1’ will be the term used to identify the agitation of the suspensions by using an 
electric stirrer at high speed. A propeller stirrer, four bladed at 45 degree pitch 
angle and outside diameter of 90 mm, was used to assure uniform and well 
mixed suspensions. A gentle but effective mixing, identified as ‘mixing 2’, was 
achieved by using a large flat metallic paddle (width 50 mm). ‘Mixing 3’ type 
was obtained by an electric stirrer at low speed; the same propeller stirrer, 
specified above, was employed. 
Chapter 6 – Settling velocity in hindered and networked systems 
 
94 
 
Finally, inversion was the ‘mixing 4’ technique employed: each cylinder was 
turned end over end by hand 8 to 10 times (Michael and Bolger, 1962). 
Further details on the experimental conditions can be found in chapter 3. 
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6.2.1 Mixing technique 1 (2000 s-1) 
Mixing technique 1 was performed by using an electric stirrer; the speed 
chosen was one of the highest available. Initial suspensions, at initial 
concentrations (based on dry solids) from 0.3% to 1.5% by volume, were 
maintained in continuous agitation for several hours. After agitation, the 
suspensions were poured into the 160 mm vessel and the sedimentation tests 
begun. The variation of the interface supernatant-suspension over time was 
visually recorded as shown in Figures 6.1 and 6.2 In all plots the settling 
curves were normalized: the reason was to have a unique common scale 
which permitted a better and easier comparison and understanding of the 
data. The normalization procedure was obtained by dividing any recorded 
heights, at a specific initial concentration, with the respective initial height 
(Hnormalized=H(t)/H(t=0) where H(t=0)=H0). 
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Figure 6.1 Settling curves for titanium dioxide at initial solids 
concentration: 0.3% v/v, 0.4% v/v, 0.5% v/v, 0.6% v/v and 0.7% v/v, 
diameter vessel: 160 mm, mixing technique 1. 
 
The typical settling curves shapes (Michael and Bolger, 1962) based on the 
solid concentrations are identifiable in Figures 6.1 and 6.2 and in particular:  
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 shape 1 at solid concentration lower than 0.7% v/v; 
 shape 2 at solid concentration equal to 0.7% v/v; 
 shape 3 at solid concentration higher than 0.7% v/v. 
At the lower concentrations (i.e. lower than 0.7% v/v), there is no evidence of 
the formation of a solids network where clusters touch each other. Hence, the 
clusters, formed during the agitation of the suspensions, descend with a 
settling velocity higher than the one expected in the case of network formation. 
At the concentration of 0.7% v/v the occurrence of an initial period is evident: 
during this time, the unstable clusters do interact with each other to form 
stable aggregates which will settle at a constant rate. Finally, the curves of 
shape 3 show the typical behaviour of suspensions under compression: the 
clusters do exert compressive forces on each other.  
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Figure 6.2 Settling curves for titanium dioxide at initial solids 
concentration: 0.7% v/v, 1.0% v/v and 1.5% v/v, diameter vessel: 160 mm, 
mixing technique 1. 
 
Tests of reproducibility were performed repeating the same experiment from 
three to five times. Hence, particular attention was given to the estimation of 
the experimental errors. The collected values, of different tests, were averaged 
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and the upper and lower values compared to the average were considered to 
be the maximum and the minimum error respectively. 
The information given by the settling curves are fundamental to understanding 
the types of suspensions under study. However, for certain suspensions more 
details are required such as the settling velocity. Coe and Clevenger (1916) 
were the first authors to highlight the importance of the variation of the settling 
velocity over time. Moreover, the identification of the constant settling velocity, 
under which the solids descend for a specific and limited period of time, is 
fundamental for the purpose of design. 
Different methods can be found in the literature in order to calculate the 
settling velocities from the settling curves data (Font et al., 1992; Butt, 1997). 
The calculation of settling velocities, in the following plots, was worked out by 
the ‘central difference’ method as specified in Equation (6.1): 
  
  
  
 
 
 
         
         
        (6.1) 
Further calculations, using the standard ‘forward difference’ method (the ratio 
of the difference of two consecutive height values to the respective difference 
in time) were done, although no results are reported here: in fact, the trends of 
the curves appeared to be less smooth than the central difference method and 
sometimes with a high level of noise. 
 
In Figures 6.3 and 6.4 the variations of the settling velocity, for initial solids 
concentration of 0.3% and 0.4% by volume respectively, are shown with the 
settling curves. The velocity plots help the identification of three different 
zones: a constant zone, representing a zone of constant concentration, 
followed by a rapid falling rate zone and finally a further decrease in velocity 
shows the occurrence of the compression zone. 
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Figure 6.3 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 0.3% v/v, diameter vessel: 160 mm, mixing technique 1. 
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Figure 6.4 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 0.4% v/v, diameter vessel: 160 mm, mixing technique 1. 
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The rapid falling rate zone draws the attention to the influence of the inertial 
forces acting during the settling of the clusters. In fact, in most analysis of 
batch sedimentation the inertial forces are neglected due to their small 
contribution. However, Dixon et al. (1976), presented a model taking into 
consideration a suspension of spheres forming incompressible sediment, and 
showed that the inertial effects can not generally be ignored. In fact, they 
showed that when inertial forces are considered, between the sediment and 
initial concentration–zone, no continually-expanding zone is formed for any 
initial concentration. The conclusion of Dixon et al. showed, then, the invalidity 
of the Kynch theory and hence of his assumption of the settling velocity being 
only a functions of the solids concentration.  
A useful dimensionless parameter, ‘N’, to study the influence of inertial effects 
was presented by the same authors although in its derivation no liquid 
acceleration was taken into consideration; the term N represented the ratio 
between acceleration force and inertial effects (Equation (6.3)): 
  
          
  
   
        (6.3) 
where ρA is the aggregate density, dA is the aggregate diameter and u0 is the 
initial solids settling velocity (when no solids stress is acting). 
In most flocculated suspensions the high value of N allows the inertial force to 
be neglected (Font, 1991; Font and Caballero, 2001). 
 
The theory of Dixon et al. was accepted by Fitch (1979 and 1983) who 
confirmed and defined the existence of a concentration ‘front’ rather than 
discontinuities in particulate systems. He stated that a true concentration 
discontinuity in those systems cannot exist since concentration gradients do 
exist when the particles come closer over a finite distance from a lower to a 
higher concentration; if the particle deceleration across the front exceeds the 
acceleration the settling velocity may be increased in order to allow the 
particles to move through any critical concentration in the absence of inertial 
forces. In the other case, Kynch behaviour would occur.  
The calculated values of N for titanium dioxide, in the investigated 
concentration range (0.3%-0.7% v/v), are extremely high. It confirms the 
opportunity to neglect any inertial terms in the force balance. 
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The range of initial concentrations from 0.5% to 0.7% by volume show similar 
behaviour both in the settling curves and in the velocity variations. A small 
induction period, increasing with the initial solids concentration, is identifiable 
in the velocity curve. Most probably during this time primary and secondary 
clusters interact with each other to form large aggregates which are able to 
settle at a faster rate. This is the reason for velocity increases in all three 
concentrations. This stage is evident in Figure 6.7 and to a lesser extent in 
Figure 6.6. No evidence of any initial period is shown on the settling curve in 
Figure 6.5: this confirm the utility of plotting the variation of the velocity over 
time. Moreover, narrow regions at nearly constant settling velocity follow the 
initials period in all three concentrations. A rapid falling rate, smaller than that 
obtained at lower concentrations, is followed by a compression, starting in all 
three cases at about 2000 seconds. It is interesting to note, in Figure 6.7, the 
peak occurring at the end of the constant stage (at about 1800 seconds), is 
possibly indicative of the formation of channels along the solids structure or 
the breakage of temporary a network. 
Time (s)
0 2000 4000 6000
N
o
rm
a
liz
e
d
 i
n
te
rf
a
c
e
 h
e
ig
h
t
0.0
0.2
0.4
0.6
0.8
1.0
1.2
S
e
tt
lin
g
 v
e
lo
c
it
y
 (
c
m
/s
)
0.000
0.002
0.004
0.006
0.008
0.010
0.012
0.014
Interface height
Settling velocity
 
Figure 6.5 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 0.5% v/v, diameter vessel: 160 mm, mixing technique 1. 
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Figure 6.6 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 0.6% v/v, diameter vessel: 160 mm, mixing technique 1. 
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Figure 6.7 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 0.7% v/v, diameter vessel: 160 mm, mixing technique 1. 
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Finally, Figures 6.8 and 6.9 are representative of settling in a regime of 
compression; this is evident from both the settling curve and velocity variation. 
The settling curves in both cases have a typical concave shape and the 
settling velocity curves present a continuous and slow deceleration rate. The 
noise observable in both settling velocity graphs are indicative of the formation 
of channels which entails the temporary increase of the solids settling velocity; 
a decrease of the velocity is followed due to the expulsion of the liquid and 
consolidation of the structures. 
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Figure 6.8 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 1.0% v/v, diameter vessel: 160 mm, mixing technique 1. 
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Figure 6.9 Settling curve and velocity for titanium dioxide at initial solids 
concentration of 1.5% v/v, diameter vessel: 160 mm, mixing technique 1.  
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6.2.2 Mixing technique 2 
Mixing technique 2 consisted of gentle but effective mixing achieved by using 
a flat metallic paddle. This type of mixing was chosen in order to minimise the 
influence of the shear forces on the structures of the clusters and hence 
minimise any breakages.  
The initial solids concentration range investigated was between 0.5% and 
1.5% by volume as shown in Figure 6.10 and the diameter of vessel employed 
for the sedimentation tests was, again, 160 mm. The curves have different 
trends compared to the ones seen previously. 
There is a similarity between the two curves at lower initial solids 
concentration (0.5% v/v and 0.7% v/v) and the two at the higher 
concentrations (1.0% v/v and 1.5% v/v). In fact, in the former curves only two 
zones are clearly identifiable: a linear rapid decreasing of the interface height 
followed by a deceleration due to the turn of the settling to the consolidation 
stage. In the latter the curves present a further zone represented by the initial 
period which is more prominent at the highest concentration. 
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Figure 6.10 Settling curves for titanium dioxide at initial solids 
concentration: 0.5% v/v, 0.7% v/v, 1.0% v/v and 1.5% v/v, diameter 
vessel: 160 mm, mixing technique 2. 
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The velocity profile in Figure 6.11 shows a nearly constant region followed by 
a suddenly deceleration stage. At about 2000 s, a more gentle decrease of the 
velocity shows the beginning of the consolidation stage.  
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Figure 6.11 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.5% v/v, diameter vessel: 160 mm, mixing 
technique 2. 
 
The deceleration is less pronounced with increase in initial concentration and 
completely disappears at the highest concentration (i.e, 1.5% v/v). A small and 
marked initial period is shown in Figures 6.12 and 6.13 respectively. Moreover, 
the occurrence of channelling at a concentration of 1% v/v makes the 
subsequent deceleration stage more evident. 
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Figure 6.12 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.7% v/v, diameter vessel: 160 mm, mixing 
technique 2. 
 
Both curves in Figure 6.14 are typical of a suspension under consolidation. 
The trend of the velocity implies the occurrence of channelling. The only initial 
trend of the settling curve is unexpected; it seems to be an initial period but at 
this high concentration it may be most likely an abrupt variation of the 
permeability due to concentration gradients. These concentration gradients 
could be developed during the pouring stage. 
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Figure 6.13 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 1.0% v/v, diameter vessel: 160 mm, mixing 
technique 2. 
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Figure 6.14 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 1.5% v/v. diameter vessel: 160 mm, mixing 
technique 2. 
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6.2.3 Mixing technique 3 (1000 s-1) 
Further experiments at different shear referred to as ‘mixing 3’. The equipment 
for the agitation was exactly the same used to achieve mixing 1; the only 
difference was the agitation speed which was lower than the previous one. 
Only a limited amount of data, for a short period of time, is available although 
they seem to be sufficient for the calculation of settling velocities. 
Sedimentation tests, at initial solids concentrations from 0.3% to 1.5% by 
volume, were performed up to a total time of 2500 seconds; No information 
about the final packing of the sediment is available for this set of data. The 
settling curves for each concentration are shown in Figure 6.15. All the curves 
at solids concentration lower than 1.0% v/v have a concave shape. In the case 
of the two straight lines at the higher concentrations: the recorded time was 
not available to have a substantial separation of the phases.  
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Figure 6.15 Settling curves for titanium dioxide at initial solids 
concentration: 0.3% v/v, 0.5% v/v, 0.7% v/v, 1.0% v/v, 1.3% v/v and 1.5% 
v/v, diameter vessel: 160 mm, mixing technique 3. 
 
In Figures 6.16 and 6.17, both curves follow the same trend although they 
represent two concentrations, 0.3% and 0.5% v/v respectively. The settling 
Chapter 6 – Settling velocity in hindered and networked systems 
 
109 
 
velocity after an approximately constant value, decreases gently to reach 
again a constant value close to zero showing the experimental time was 
sufficient to enable both tests to be completed. 
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Figure 6.16 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.3% v/v, diameter vessel: 160 mm, mixing 
technique 3. 
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Figure 6.17 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.5% v/v, diameter vessel: 160 mm, mixing 
technique 3. 
 
In Figures 6.18 and 6.19 the velocity curves are unfortunately incomplete so 
only a partial analysis can be done. Roughly constant values of the settling 
velocities drop smoothly to values of 0.001 cm/s and 0.002 cm/s at 0.7% and 
1.0% v/v respectively. 
For the two higher concentrations (Figures 6.20 and 6.21) the data are 
insufficient to permit useful conclusions to be drawn. 
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Figure 6.18 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.7% v/v, diameter vessel: 160 mm, mixing 
technique 3. 
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Figure 6.19 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 1.0% v/v, diameter vessel: 160 mm, mixing 
technique 3. 
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Figure 6.20 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 1.3% v/v, diameter vessel: 160 mm, mixing 
technique 3. 
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Figure 6.21 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 1.5% v/v, diameter vessel: 160 mm, mixing 
technique 3. 
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6.2.4 Mixing technique 4 (500 s-1) 
Inversion was the fourth mixing technique considered (‘mixing 4’). All tests 
were performed in cylinders of internal diameter equal to 55 mm. Although the 
settling curve trends are not well defined in terms of shape, the reproducibility 
of the data was good (error less than 5%) as shown in Figure 6.22. The 
behaviour inferable by the settling curves is the same seen and commented 
for mixing technique 1. The concentration limit between the free hindered 
settling and consolidation regimes also coincides with the previous one, i.e. 
0.7% v/v. For each concentration, five different curves are represented in 
order to show the reproducibility of the tests. It was deemed preferable to 
represent all curves using markers without error bars that would have been 
hidden by the symbols. 
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Figure 6.22 Settling curves for titanium dioxide at initial solids 
concentration: 0.3% v/v, 0.5% v/v, 0.7% v/v, 0.9% v/v and 1.0% v/v, 
diameter vessel: 55 mm, mixing technique 4. 
 
In Figure 6.23 the settling velocity curve drops rapidly to a value equal to 
nearly zero: completion of settling is evident by looking at the shape of the 
settling curve which reaches a value maintained until the end of the test. 
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Figure 6.23 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.3% v/v, diameter vessel: 55 mm, mixing 
technique 4. 
 
Both settling velocity curves at concentrations of 0.5% (Figure 6.24) and 0.7% 
(Figure 6.25) v/v are not clear at the start: the settling curves suggest the 
occurrence of initial periods which are not very evident by analysing the 
velocity variations. 
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Figure 6.24 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.5% v/v, diameter vessel: 55 mm, mixing 
technique 4. 
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Figure 6.25 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.7% v/v, diameter vessel: 55 mm, mixing 
technique 4. 
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Finally, both settling curves, shown in Figures 6.26 and 6.27, suggest the 
occurrence of suspensions under compression; this behaviour is confirmed by 
the trends of the settling velocities. 
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Figure 6.26 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 0.9% v/v, diameter vessel: 55 mm, mixing 
technique 4. 
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Figure 6.27 Settling curve and velocity for titanium dioxide at initial 
solids concentration of 1.0% v/v, diameter vessel: 55 mm, mixing 
technique 4. 
 
A numerical comparison of the settling velocities, for all four mixing 
techniques, is reported in Table 6.1. 
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Table 6.1 Numerical comparison of the settling velocities for titanium 
dioxide. 
Mixing 
technique 
Initial dry solids concentration 
(v/v) 
Settling velocity 
(cm/s) 
1 0.003 1.35·10-2 
1 0.004 1.21·10-2 
1 0.005 1.03·10-2 
1 0.006 9.72·10-3 
1 0.007 8.47·10-3 
1 0.010 2.13·10-3 
1 0.015 6.48·10-4 
2 0.005 1.21·10-2 
2 0.007 8.94·10-3 
2 0.010 7.36·10-3 
2 0.015 4.38·10-3 
3 0.003 2.93·10-2 
3 0.005 1.50·10-2 
3 0.007 9.86·10-3 
3 0.010 6.57·10-3 
3 0.013 1.81·10-3 
3 0.015 1.11·10-3 
4 0.003 1.55·10-2 
4 0.005 1.12·10-2 
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4 0.007 5.47·10-3 
4 0.009 2.19·10-3 
4 0.010 2.00·10-3 
 
The settling velocities of the tests performed in the 160 mm vessel vary quite 
logically at solids concentrations of 0.7%, 1.0% and 1.5% by volume. The 
settling velocities measured in the cylinder, at concentrations of 0.7% v/v and 
1.0% v/v, are the lowest and this was almost certainly due to the wall effects 
(irrespective of the mixing technique). However, it has to be specified that the 
initial suspension heights in the cylinder tests and in the 160 mm vessel were 
about 15 cm and 30 cm respectively. Therefore at the lowest concentrations, 
0.3% v/v and 0.5% v/v, the settling velocities in the cylinders are both higher 
than the velocities at mixing technique 1 (1.35·10-2 at 0.3% v/v and 1.03·10-2 at 
0.5% v/v). 
Overall, the anomalous values of settling velocity can be referred to a high 
level of segregation within the suspension due to the large size distribution of 
the aggregates and a build up in hindered settling effects (Hunter et al., 2011 
and 2012). 
 
In the next section further details about the effects of the mixing techniques 
and then of the applied shear on the particle size are considered. 
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6.2.5 Comparison of mixing techniques 1, 2 and 3 
A comparison between the data collected in the largest vessel (160 mm) was 
carried out. Mixing techniques 1, 2 and 3 were considered.  
A comparison of the mixing intensities employed in each mixing technique was 
done by the calculation of the parameter ‘G*’ which is a measure of the 
velocity gradient in the system. The velocity gradient is defined as follows: 
    
 
  
          (6.2) 
where W is the dissipated power, V is the volume of the mixing vessel and µ is 
the dynamic liquid viscosity. 
For mixing techniques 1 and 3 the calculated values of G* were 2000 and 
1000 s-1 respectively. Both values were obtained assuming the dissipated 
power to be a function of the rotational speed, diameter of impeller, density 
and viscosity of the liquid. Finally, a value of 0.011, for both mixing techniques, 
was chosen for the value of the ‘power constant’ (value strongly dependent on 
the geometry of the mixing system).  
For mixing technique 4, a value of G* equal to 500 s-1 was calculated by 
applying Bernoulli equation and a final mixing time for cylinder inversion of 5 
seconds. 
Unfortunately for mixing technique 2 no estimation of the mixing intensity could 
be done due to the high imprecision of the energy input. However, a value 
lower (< 500 s-1) than the one calculated for mixing technique 4 can be surely 
attributed to mixing technique 2. 
 
Finally an approximate but satisfying scheme regarding the amount of shear 
applied in each mixing technique could be established. Hence the mixing 
intensities varied as follows: 
Mixing 1 (2000 s-1) > Mixing 3 (1000s-1) > Mixing 4 (500 s-1) > Mixing 2. 
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The influence of the mixing intensities and then of the average velocity 
gradient in the system are strongly related to the variation of the cluster sizes 
in the system. In fact, at higher shear cluster breakages occurred and the 
average cluster size in each suspension will vary as follows: 
Cluster size 1 < Cluster size 3 < Cluster size 4 < Cluster size 2. 
 
Moreover, the experiments performed in cylinders, and hence mixing 
technique 4, were not taken into consideration due to the different size of the 
vessel employed. 
In Figures 6.28 to 6.33 both settling and velocity curves, at the same 
concentration and different mixing techniques, were plotted for the purposes of 
comparison. 
As expected, the settling velocities, obtained by mixing 1, are always the 
lowest at any concentration. The shape of the settling curves, at the same 
concentration but different mixing technique, are roughly the same; this 
suggests sufficient agitation, at any mixing regime, in order to achieve 
homogeneous suspensions. The variation of shear provided by the different 
types of agitation weakly affects the settling of the clusters: a comparable 
value of the constant velocity at all mixing technique is observable in Figure 
6.31. Moreover, the concentration of 0.7% v/v (Figure 6.32) seems not to be 
affected at all by the variation of the agitation rate with values of the velocities 
matching fairly closely; only the values, corresponding to the initial period 
present large variations. It is not surprising considering the initial period is an 
unstable stage. The importance of the mixing increases with increasing initial 
concentration; in fact, analysing Figure 6.33, at the highest mixing rate the 
interface descends with a significantly lower velocity than the two other mixing 
techniques at lower shear which have comparable values. The graphs of the 
highest concentration investigated, i.e. 1.5% v/v, are not reported due to the 
large variations of the velocity trends around small values from the start.  
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Figure 6.28 Settling curves for titanium dioxide at two different mixing 
techniques: 1 and 3, initial solids concentration 0.3% v/v. 
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Figure 6.29 Settling velocity curves for titanium dioxide at two different 
mixing techniques: 1 and 3, initial solids concentration 0.3% v/v. 
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Figure 6.30 Settling curves for titanium dioxide at three different mixing 
techniques: 1, 2 and 3, initial solids concentration 0.5% v/v. 
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Figure 6.31 Settling velocity curves for titanium dioxide at three different 
mixing techniques: 1, 2 and 3, initial solids concentration 0.5% v/v. 
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Figure 6.32 Settling curves for titanium dioxide at three different mixing 
techniques: 1, 2 and 3, initial solids concentration 0.7% v/v. 
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Figure 6.33 Settling velocity curves for titanium dioxide at three different 
mixing techniques: 1, 2 and 3, initial solids concentration 0.7% v/v. 
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Figure 6.34 Settling curves for titanium dioxide at three different mixing 
techniques: 1, 2 and 3, initial solids concentration 1.0% v/v. 
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Figure 6.35 Settling velocity curves for titanium dioxide at three different 
mixing techniques: 1, 2 and 3, initial solids concentration 1.0% v/v. 
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6.3 Mixing-Magnesium hydroxide 
Suspensions of initial solids concentration from 3% to 7% by volume were 
prepared, mixed and thickened. The concentration of the suspensions was 
increased by removing a specific volume of supernatant since the amount of 
material available was limited. The collected supernatant was stored and re-
used to produce diluted suspensions.  
Mixing technique 1 was the only process used in order to obtain homogeneous 
suspensions. No lower agitations were tested due to the thickness of the 
suspensions.  
Typical of this material was the evident formation of channels and hence the 
occurrence of random distribution of ‘volcanoes’ on the surface of the settling 
suspensions. Furthermore, the number of volcanoes and their size were 
strongly dependent on the initial concentration and experimental time: the 
higher the initial concentration the higher the number of volcanoes of 
apparently smaller size was formed (Figures 6.36 and 6.37). 
 
 
Figure 6.36 ‘Volcanoes’ at the surface of the sediment at initial 
concentration of 3% v/v after 14 hours–(A) side view, (B) top view. 
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Figure 6.37 ‘Volcanoes’ at the surface of the sediment at initial 
concentration of 4% v/v–(A) after 3 hours, (B) after 14 hours. 
 
The average settled sediment concentration in all cases was equal to 15% v/v 
suggesting a lower tendency of the material to form aggregates. 
In Figure 6.38 the settling curves for each investigated concentration is shown. 
It is evident by the characteristic shape of the curves (i.e. acceleration speed) 
that the formation of channels occurs at about 3000 seconds for the 4%, 5% 
and 6% v/v of solids settling. Moreover, for all concentrations the process 
looks to be in compression from the start of the tests. By plotting each settling 
curve with the respective settling velocity variation curve, as done before with 
the titanium dioxide, more information about the process can be deduced. 
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Figure 6.38 Settling curves for magnesium hydroxide at initial solids 
concentration: 3% v/v, 4% v/v, 5% v/v, 6% v/v and 7% v/v, diameter 
vessel: 160 mm, mixing technique 1. 
 
At the lowest initial concentration, i.e. 3% v/v, a clear compression process 
was underway. The velocity plot highlights the process not to be over with a 
final velocity value equal to 0.001 cm/s. It is noticeable that the settling velocity 
is uniformly decreasing in Figure 6.39, implying compression, yet at the higher 
starting concentration of 4% solids there appears to be a constant settling rate 
period, Figure 6.40. 
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Figure 6.39 Settling curve and velocity for magnesium hydroxide at initial 
solids concentration of 3% v/v, diameter vessel: 160 mm, mixing 
technique 1. 
 
A typical trend is, again, represented in Figure 6.40: both the settling curve 
and the velocity one can be split into three parts. A linear decrease in the 
settling curve corresponds to a constant velocity value equal to 0.0015 cm/s 
(up to 6000 seconds). This region is followed by an increase in the velocity 
which is indicative of channels formation (up to 7500 seconds). After this, a 
rapid falling rate suggests that the sediment is being subjected to a higher 
compaction until the end of the process in which the settling velocity assumes 
zero value. However, some further analysis of the settling rate compared 
between the 3% and 4% data can be deduced after considering the higher 
solids concentrations. 
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Figure 6.40 Settling curve and velocity for magnesium hydroxide at initial 
solids concentration of 4 % v/v, diameter vessel: 160 mm, mixing 
technique 1. 
 
Initial solids concentrations 5% and 6% by volume have similar settling and 
velocity curves. In both settling curves the occurrence of channel formation is 
obvious due to the speed up region visible at 6000 seconds and 5000 seconds 
for 5% and 6% v/v respectively. The amount of channelisation seems to be 
nearly the same considering the peak of the reached velocity being at the 
same value, i.e. 0.0015 cm/s. The process, at both concentrations, finishes 
with further consolidation of the sediments. 
Thus, the evidence shown in Figure 6.39 is that the settling velocity is in gentle 
decline from the start, indicative of some form of compression settling; in 
Figures 6.41 and 6.42 there is strong evidence of channelling, hence in Figure 
6.40 the occurrence of the apparent uniform settling rate period is most likely 
due to the lack of formation of a strong solid network; the solids can apparently 
settle with a faster rate than expected in cases of interconnected clusters. 
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Figure 6.41 Settling curve and velocity for magnesium hydroxide at initial 
solids concentration of 5% v/v, diameter vessel: 160 mm, mixing 
technique 1. 
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Figure 6.42 Settling curve and velocity for magnesium hydroxide at initial 
solids concentration of 6% v/v, diameter vessel: 160 mm, mixing 
technique 1. 
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For the highest concentration, i.e. 7% v/v, the variation of the interface height 
is almost negligible (Figure 6.43). In fact, the velocity has a constant value, 
close to zero, for the entire process. The sediment is being compacted to 
reach the maximum concentrated value. 
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Figure 6.43 Settling curve and velocity for magnesium hydroxide at initial 
solids concentration of 7% v/v, diameter vessel: 160 mm, mixing 
technique 1. 
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6.4 Particle size determination by sedimentation: the Richardson and 
Zaki approach 
The identification of the correct settling velocity of the clusters has a significant 
effect on the derivation of the cluster size diameter as well as on the 
calculation of further parameters, such as permeability, to be used in 
modelling the sedimentation process. Hindered settling data have been often 
used to evaluate particle or aggregate size (Bhatty et al., 1980; Bhatty and 
Dollimore, 1985). 
The Richardson and Zaki equation relates the settling velocity to the void 
fraction of the suspension. The approach consists of linking by a linear 
relationship the velocity and voidage plotted in a log-log graph. The cluster 
size obtained by applying the Richardson and Zaki approach was compared 
with the cluster size analysis widely described in Chapters 3 and 4. Only 
mixing techniques 1 and 2 data were analysed. 
 
6.4.1 Particle size deduction 1 
The plot of the settling velocity with the amount of dry solids in suspension (dry 
solids concentration in particular), as shown in Figure 6.44, highlights the 
decrease of settling velocity with increase in solids concentration in 
suspension (Bodman et al., 1972), as expected. Error bars show the variation 
of the settling velocities averaged over three sets of data. The graphs of the 
variation of the settling velocities over time (Figures 6.3–6.9), permitted an 
accurate identification of the correct settling velocity to be chosen. Careful 
consideration of the occurrence of influential effects, such as initial period or 
channelling, which could affect the values of the settling rates, was done. The 
curve represents the theoretical variation using values for the two parameters 
‘n’ and ‘uS∞’ equal to 267 and 0.0387 cm/s respectively. 
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Figure 6.44 Experimental and theoretical variation of the settling velocity 
versus dry solids concentration for titanium dioxide, mixing technique 1. 
 
Extrapolating the logarithmic values of the settling velocities and of the 
respective values of suspension voidage, as required by Richardson and Zaki 
equation (Chapter 2, Equation (2.9)), two different zones are clearly 
identifiable as shown in Figure 6.45: a zone at c0≤0.7% v/v and a further zone 
at c0>0.7% v/v. All points, in the former zone, lie on a straight line; joining the 
data points at the higher concentrations and considering the intersection point 
between these two lines the critical concentration can be identified. The critical 
concentration or gel point had a value of 0.8% v/v. As it will be shown in 
Chapter 7, this value is fundamental for design purpose.  
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Figure 6.45 Richardson and Zaki log-log plot for titanium dioxide: settling 
velocity versus suspension voidage based on dry solids concentration, 
mixing technique 1. 
 
The values of n and of the free settling velocity (uS∞), in the case of c0≤0.7% 
v/v, were calculated by the slope and the intercept respectively. Values are 
reported in Table 6.2: 
 
Table 6.2 Richardson and Zaki parameters and deduced diameter of 
particle in suspension agitated by mixing technique 1 for titanium 
dioxide. 
Mixing 1_Dry solids 
n (-) 114 
us∞ (cm/s) 1.89·10
-2 
d (µm) 10.68 
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The value of n is very much higher than the value, 4.65 for creeping flow and 
spherical particles, usually assumed in literature (Jahaveri and Dick, 1969; 
Knocke, 1986; Font et al. 1992; Chen et al., 1996). It is not surprising 
considering the definition of n defined as a measure of the particle interaction 
effects; moreover, these higher values confirm the fractal nature of the cluster 
(see Chapter 3). Davies et al. (1977) presented values of ‘n’ in the range of 
30–75 for various solids dispersed in different liquids as well as water.  
Finally, the value of diameter deduced by the value of the free settling velocity 
is in good agreement with the value obtained in the particle size analysis 
although the value of density chosen was 4034 kg/m3 rather than the density 
of the cluster. Hence, these results show clusters formed only of solids rather 
than a mixture of liquid and solids which would change the aggregate density. 
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6.4.2 Particle size deduction 2 
The Richardson and Zaki procedure was applied to the data obtained by 
mixing technique 2. As shown in Figure 6.46, the settling velocity decreases 
with an increase in the dry solids concentration, as expected. The theoretical 
curve was obtained by substituting the values of n and u∞ specified in Table 
6.3. 
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Figure 6.46 Experimental and theoretical variation of the settling velocity 
versus dry solids concentration for titanium dioxide, mixing technique 2. 
 
Due to the limited amount of experimental data and the narrow interval of 
concentrations, all the points could be fitted by a straight line as shown in 
Figure 6.47. Unfortunately, no compression points could be identified in this 
specific system. 
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Figure 6.47 Richardson and Zaki log-log plot for titanium dioxide: settling 
velocity versus suspension voidage based on dry solids concentration, 
mixing technique 2. 
 
In Table 6.3 the Richardson and Zaki parameters and the derived particle 
diameter by the Stokes’ law are reported. 
 
Table 6.3 Richardson and Zaki parameters and deduced diameter of 
cluster in suspension agitated by mixing technique 2 for titanium 
dioxide. 
Mixing 2_Dry solids 
n (-) 97 
us∞ (cm/s) 1.88·10
-2 
d (µm) 10.68 
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The calculated diameter is in agreement with the size measured by laser 
diffraction and with that calculated in mixing technique 1. The solid density 
employed was again that for the dry solid.  
In section 6.5 a modified approach will be presented in order to consider the 
presence of the clusters in suspension and comparison made to the classical 
approach used so far. 
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6.4.3 Particle size deduction–Magnesium hydroxide  
In Figure 6.48, both the experimental and theoretical variation of the settling 
velocity versus dry initial concentration is shown. The theoretical curve was 
obtained imposing values of n and uS∞ equal to 30 and 0.00764 cm/s. 
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Figure 6.48 Experimental and theoretical variation of the settling velocity 
versus dry solids concentration for magnesium hydroxide, mixing 
technique 1. 
 
The values of the two parameters were achieved by Figure 6.49 and they are 
reported in Table 6.4 also with the deduced particle diameter. The value of the 
density of the dry solid was considered and substituted in the free settling 
velocity formula to calculate the particle diameter in dilute conditions. 
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Figure 6.49 Richardson and Zaki Log-Log plot for magnesium hydroxide: 
settling velocity versus suspension voidage based on dry solids 
concentration, mixing technique 1. 
 
Table 6.4 Richardson and Zaki parameters and deduced diameter of 
cluster in suspension agitated by mixing technique 1 for magnesium 
hydroxide. 
Mixing 1_Magnesium hydroxide 
n (-) 30 
us∞ (cm/s) 7.64·10
-3 
d (µm) 10.17 
 
The deduced value of size is higher than the one obtained in particle size 
analysis. The reason for this could be the high concentration of the 
suspensions, and the uncertainty on the choice of velocity values.  
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6.5 Particle size determination by sedimentation: modification of 
Richardson and Zaki approach for cluster formation 
A modification on the interpretation of the data was done by considering the 
suspension voidage due to clusters rather than the suspension voidage due to 
dry particle solids. It was assumed that each cluster settles at a concentration 
equal to the average concentration of the sediment at its equilibrium height. 
The clusters were considered as spherical as mentioned in the model 
presented in Chapter 4 but for a better understanding of this cluster approach 
they will be represented as squares, as shown in Figure 6.50. 
 
 
Figure 6.50 Schematic representation of cluster concentration calculated 
by average sediment concentration. 
 
The principle is based on the definition of bulk density. In fact, the sediment 
was thought of as being split into many ‘square clusters’, each of them at 
constant concentration and dispersed in the supernatant. The compaction of 
the material, resting at the base of the vessel, was then of fundamental 
importance for the cluster concentration calculation. The concentration of the 
sediment was determined by mass balance, from knowledge of the initial mass 
of the solids and the final height of the sediment.  
Figure 6.51 shows the settling velocity, under which stable clusters are 
believed to be settling, versus the calculated concentration of clusters in 
suspension. Increasing the concentration of clusters, results in a drop of the 
settling velocity to reach a close value to zero at the highest concentration of 
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clusters, as shown in the figure. The values of n and uS∞, for the theoretical 
curve, were 289 and 0.0148 cm/s respectively. 
In Figure 6.52 the two regions, already identified in Figure 6.45, are 
noticeable; the previous value of gel concentration in terms of concentration of 
clusters was found out. An average sediment concentration equal to 2% by 
volume was assumed to compute the initial cluster concentration. 
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Figure 6.51 Experimental and theoretical variation of the settling velocity 
versus cluster concentration for titanium dioxide, mixing technique 1. 
 
Chapter 6 – Settling velocity in hindered and networked systems 
 
144 
 
Log (1- Clusters concentration)
-0.006 -0.005 -0.004 -0.003 -0.002 -0.001 0.000
L
o
g
 (
S
e
tt
lin
g
 v
e
lo
c
it
y
)
-3.4
-3.2
-3.0
-2.8
-2.6
-2.4
-2.2
-2.0
-1.8
 
Figure 6.52 Richardson and Zaki Log-Log plot for titanium dioxide: 
settling velocity versus suspension voidage based on clusters 
concentration, mixing technique 1. 
 
In order to find the cluster diameter only the data at the lower concentration of 
clusters, lying on a straight line, were considered (black triangles in Figure 
6.52). In Table 6.5 the Richardson and Zaki parameters and the deduced 
cluster diameter, when the suspension was agitated by mixing technique 1, 
are shown: 
Table 6.5 Richardson and Zaki parameters and deduced diameter of 
cluster in suspension agitated by mixing technique 1 for titanium 
dioxide. 
Mixing 1_Clusters 
n (-) 225 
us∞ (cm/s) 1.44·10
-2 
d (µm) 66.1 
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In the calculation of the average cluster diameter, in infinite dilution, an 
averaged density, equal to 1061 kg/m3, was used equivalent to an aggregate 
of c=2% v/v. This is the reason for the achievement of a larger cluster 
diameter than the one calculated before and measured with the laser 
diffraction technique (mean diameter=10.6 µm).  
 
A gentle decrease in the settling velocity with cluster concentration is also 
shown in Figure 6.53 when the suspensions were agitated by mixing 
technique 2. In the fitted theoretical curve, the experimental values obtained 
by Figure 6.54 were employed: n=140, uS∞=0.0123 cm/s.  
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Figure 6.53 Variation of the settling velocity versus cluster concentration 
for titanium dioxide, mixing technique 2. 
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Figure 6.54 Richardson and Zaki Log-Log plot for titanium dioxide: 
settling velocity versus suspension voidage based on cluster 
concentration, mixing technique 2. 
 
The Richardson and Zaki parameters, derived by the slope (n) and intercept 
(uS∞) of the line in Figure 6.54, are reported with the deduced cluster diameter 
by Stokes’ law assuming an average cluster density equal to 1051 kg/m3, in 
Table 6.6. 
 
Table 6.6 Richardson and Zaki parameters and deduced diameter of 
cluster in suspension agitated by mixing technique 2 for titanium 
dioxide. 
Mixing 2_Clusters 
n (-) 140 
us∞ (cm/s) 1.23·10
-2 
d (µm) 66.6 
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The cluster sizes are significantly larger than the expected values. The values 
of n are both higher than the previous ones suggesting more interactions 
between clusters as well as cluster shape being far from spherical. 
 
6.6 Particle size determination by sedimentation: modification of 
Richardson and Zaki approach for cluster formation-Magnesium 
hydroxide 
The average sediment concentration used to calculate the concentration of 
initial cluster, in the case of magnesium hydroxide, was equal to 15% by 
volume. As shown in Figure 6.55, the settling velocity gently decreases with an 
increase in the concentration of clusters. 
No zones distinction is visible in the Richardson and Zaki plot: all experimental 
points can be fairly fitted by a straight line as shown in Figure 6.56. 
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Figure 6.55 Variation of the settling velocity versus cluster concentration 
for magnesium hydroxide, mixing technique 1. 
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Figure 6.56 Richardson and Zaki log-log plot for magnesium hydroxide: 
settling velocity versus suspension voidage based on cluster 
concentration, mixing technique 1. 
 
The values used for the theoretical prediction of the data in Figure 6.55 are 
reported in Table 6.7. The diameter of the clusters was calculated by Stokes’ 
law assuming an average cluster density of 1203 kg/m3, (i.e. 15% v/v of solids) 
 
Table 6.7 Richardson and Zaki parameters and deduced diameter of 
cluster in suspension agitated by mixing technique 1 for magnesium 
hydroxide. 
Mixing 1_Magnesium hydroxide 
n (-) 46 
us∞ (cm/s) 3.71·10
-3 
d (µm) 18.32 
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The obtained cluster diameter is higher than the value obtained in particle size 
analysis (mean diameter=5.2 µm) and also in the previous calculation as 
expected. 
 
6.7 Conclusions 
The identification of the correct settling velocity, at specific solid 
concentrations, plays an important role in the derivation of further parameters. 
In fact, by plotting the variation of the settling velocity over time, all the 
mechanisms under which the suspension is being thickened are better 
observable from clear and evident variations of the velocity trend. The settling 
velocity data were calculated by the ‘central difference’ method considering 
the variation of the interface height over time.  
The variation of the mixing techniques had relevant effects on the shape of the 
settling curves and then on the variation of the settling rate. They were 
obtained at various shears with high attention on the achievement of 
homogeneous suspensions. In particular, four mixing techniques were 
investigated in order to monitor the influence of various shears on the cluster 
size distribution, settling velocity and structure of the sediment. The higher the 
shear applied the lower average cluster size. Hence, an increment of the 
breakages occurred at the higher shears with the formation of smaller clusters 
and a better compaction of the sediment. 
The reproducibility of the data was surprisingly good and unexpected for 
concentration in the intermediate region. The best mixing technique observed 
was that at the highest speed. Further analysis of the data obtained at mixing 
techniques 1 and 2 were done in order to deduce the particle/cluster size. 
 
By plotting the correct settling velocity over solids concentration and applying 
the Richardson and Zaki approach, the particle/cluster size, at infinite dilution, 
was found. Only experiments carried out with mixing techniques 1(electric 
stirrer at high speed) and 2 (paddle) were considered in the particle size 
calculation. The calculated values, for titanium dioxide, matched the value of 
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the secondary cluster measured in particle size analysis, for both mixing 
techniques. Over prediction of the particle/cluster size, was obtained for 
magnesium hydroxide. This is likely related to the approximation of the particle 
and cluster shape as well as on the occurrence of a high activity of 
channelling. Channel formation was evident by the examination of the surface 
of the settling suspension; many ‘volcanoes, were clearly visible. The higher 
the initial concentration of the suspensions the higher the occurrence of 
volcanoes with various sizes and randomly distributed. 
An approach to consider the presence of cluster in suspension has been 
considered. It was based on the definition of bulk density. In fact, the sediment 
was thought of as being split into many ‘square clusters’, each of them at 
constant concentration and dispersed in the supernatant. However, this new 
approach over-predicted the cluster size for both materials. It was due to the 
use of the average cluster density in the Stokes’ equation rather than the 
density of the dry solids. 
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7. COMPRESSION MODELLING 
AND HINDERED SETTLING 
 
 
 
 
 
7.1 Introduction  
The prediction of the settling process using the previously developed 
mathematical models of consolidation (Holdich and Butt, 1997; Iritani et al., 
2009) is presented for both titanium dioxide and magnesium hydroxide. Only 
the settling curve data obtained with mixing technique 1 (Chapter 6) was taken 
into consideration. The model confirmed the suspension of magnesium 
hydroxide as being above the gel point. For titanium dioxide only the two 
highest initial concentrations were deduced to be in compression. Hence, 
further modelling for the titanium dioxide data, in the ‘intermediate’ (Shirato et 
al., 1970) concentration range (below the gel point), was necessary: two new 
approaches based on the Holdich and Butt model were investigated. One 
approach was the consideration of clusters in suspension and the second was 
based on the identification of the gel point on the settling curves and the 
formation of a combined model: free settling (below the gel point) and 
consolidation settling (above the gel point). The former did not show as 
successful results as the latter one. 
The achievement of reliable constitutive equations was a key point to obtaining 
a good fit to the prediction of the settling curves. The effect of secondary sub 
processes, such as channelling, has to be experimentally identified and 
considered in the modelling work.  
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7.2 Model A: Holdich and Butt (1997) 
The equation which describes the settling of concentrated suspensions in the 
compression range is a non linear partial differential equation of the parabolic 
type. In order to solve the equation, the initial and boundary conditions must 
be specified. Moreover, the two constitutive equations, one relating the 
effective solids pressure to solid concentration and the other concerning the 
variation of the permeability versus solids concentration, must be known. 
The approach is based on the theory of consolidation developed by Terzaghi 
(1948) in the field of soil mechanics and, later, enlarged to the field of chemical 
engineering by Shirato et al. (1970). 
The consolidation model developed by Holdich and Butt (1997) is based on a 
parabolic partial differential equation in terms of the variation of the excess 
liquid pressure as a function of time. Lagrangian moving (material) coordinates 
rather than Eulerian fixed coordinates were considered in order to simplify the 
system to be analysed; the suspension contained in a vessel was broken into 
several numbers of elements all having the same amount of solids at any time 
during the process. This condition needed the occurrence of the variation of 
the height (i.e. decreases) in the elements where the concentration became 
higher in order to maintain the same amount of solids in each element.  
Three equations are the fundamentals of the models: 
1. Darcy’s law which governs the flow of the liquid through the solids 
matrix: 
   
    
 
   
  
        (7.1) 
where u is the upward liquid velocity, k is the hydraulic permeability, c is the 
solid concentration, ρS is the solid density, μ is the liquid viscosity, PL is the 
excess liquid pressure, and w is the volume of solid per unit cross sectional 
area measured from the bottom of the consolidated sediment; 
2. a simplified force balance over a differential volume element: 
 
   
  
 
   
  
 
       
  
         (7.2) 
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where ρL is the liquid density and g is the acceleration of gravity; 
3. and finally, the continuity equation relating the change in flow rate to 
the variation of the solid concentration over time: 
  
  
     
   
  
        (7.3) 
Combining Equations (7.1), (7.2) and (7.3), the parabolic equation describing 
the variation of the excess liquid pressure over time is obtained: 
   
  
     
    
  
 
  
 
    
 
   
  
       (7.4) 
A further modification of Equation (7.4) can be achieved by re-writing it in non-
dimensional form; in fact, by using appropriate coefficients for the pressure 
(P0=(ρS-ρ)gw0/ρS), volume of solid per unit cross sectional area 
(w0=ρS 0H0)and time (t0=H0/u0) (Butt, 1997), Equation (7.5) is defined and 
ready to be solved: 
 
 
  
  
   
  
   
 
   
  
 
   
  
        
 
   
   
 
   
 
   
       (7.5) 
The left and right terms enclosed in the round brackets are non-linear 
coefficients; the one on the left side will be defined as ‘Γ’ and the one on the 
right side as ‘Ω’. Finally, the constitutive relationships, obtained experimentally, 
solid concentration versus solids pressure and permeability versus solid 
concentration have to be used in order to re-write both coefficients Γ and Ω in 
suitable and easy form of resolution (see Paragraph 7.4). 
Equation (7.5) was numerically solved by an implicit finite difference three 
time-level method, applying the appropriate initial (Equation (7.6)) and 
boundary conditions (Equations (7.7) and (7.8)) as follows: 
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    at t*=0    (7.6) 
   
 
  
      at w*=0    (7.7) 
  
        at w*=1    (7.8) 
The implicit model was implemented on a conventional computer spreadsheet 
package and rapidly converged. 
 
7.3 Model B: Iritani et al. (2009) 
The model presented by Iritani et al. (2009), to describe the behaviour of 
highly concentrated suspensions under consolidation, was based upon the 
analysis of the average consolidation ratio of the consolidated sediment.  
The average consolidation ratio (Ucons), defined as the average degree of 
consolidation over the total height of the consolidated sediment, in Lagrangian 
coordinates was analytically derived and described by Equation (7.9): 
      
    
     
   
  
  
 
       
       
     
         
 
   
  
  
 
      (7.9) 
where H0 and H  are the initial and the equilibrium heights of the consolidated 
sediment respectively, w0 is the total volume of solids per unit cross sectional 
area, t is the time and Ce is the modified average consolidation coefficient.  
The total volume of solids per unit cross sectional area was calculated by 
Equation (7.10): 
   
   
            
          (7.10) 
where cw is the initial mass fraction of solids in suspension. 
The modified average consolidation coefficient is defined by Equation (7.11):  
   
 
      
  
   
 
        (7.11) 
where e (=ε/(1-ε)) is the local void ratio and α is the local specific resistance 
(inverse of the permeability term). 
The definition of the next equation (Equation (7.12)), in Lagrangian 
coordinates, is obtained by the same procedure previously described, 
although now the variation of the solids pressure is considered rather than the 
excess liquid pressure. In fact, writing Darcy’s law in terms of the local specific 
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resistance rather than permeability, again using a force balance and the 
continuity equation relating the change in flow rate to the time rate of change 
in the local void ratio, Equation (7.12) can be derived: 
   
  
   
    
   
         (7.12) 
The solution of Equation (7.12) was used to find Equation (7.9). Moreover, the 
solution of Equation (7.12) can be found by considering the following initial 
(Equation (7.13)) and boundary (Equations (7.14) and (7.15)) conditions: 
         at t=0    (7.13) 
         at w=w0    (7.14) 
   
  
             at w=0    (7.15) 
Furthermore, considering a linear relationship (Equation (7.16)) between the 
modified average consolidation coefficient and the total volume of solids per 
unit cross sectional area such as: 
               (7.16) 
and substituting into Equation (7.9), one obtains: 
   
    
     
   
  
  
 
       
       
     
         
 
   
  
        (7.17) 
where m is an empirical constant dependent upon the nature of the solids. 
Assuming the variation of the equilibrium height with the total volume of solid 
described by a power law relationship as specified in Equation (7.18): 
      
           (7.18) 
where a’ and b’ are empirical constants linked to the constitutive equation 
concentration versus solids pressure (Equation (7.19)) and defined by 
Equations (7.20) and (7.21) respectively: 
       
 
         (7.19) 
   
          
  
      
        (7.20) 
               (7.21) 
where B and β are empirical constants. 
It is worth mentioning the other power law constitutive equation in terms of 
specific resistance (Equation (7.22)): 
Chapter 7 – Compression modelling and hindered settling 
 
156 
 
      
          (7.22) 
where α1 and κ are empirical constants. 
Finally, substituting Equation (7.18) in to Equation (7.17) and rearranging it, 
the variation of the interface height over time was easily obtained. 
 
7.4 Model A (Holdich and Butt) results part 1 
In order to solve Equation (7.5) the two coefficients Γ and Ω must be found 
using experimental results. For both materials titanium dioxide and 
magnesium hydroxide, power law (c=c0 PS
a) relationships (Shirato et al., 1970) 
were obtained (Chapter 5, Figures 5.2 and 5.5). Hence, taking into account the 
power law experimental relationship, conducting the necessary calculations 
and making some simplifications, the coefficient Γ assumed the following form 
presented in Equation (7.23): 
  
     
     
  
         (7.23) 
The second constitutive equation, permeability versus solid concentration, is 
involved in the coefficient Ω. In fact, a suitable expression for the permeability 
has to be chosen and the permeability term (k) replaced. The Kozeny-Carman 
expression, Equation (7.24), was chosen to calculate the permeability and 
then to monitor the variation with the solid concentration where the Kozeny 
‘constant’ was determined empirically: 
  
      
   
   
         (7.24) 
where SV is the specific surface area of the solids and K is the Kozeny 
constant. 
Moreover, the term u0 representing the initial settling velocity of the solids was 
replaced assuming the Kynch theorem to be valid: in zone settling, the 
unbuoyed weight of the settling solids is borne hydrodynamically by resistance 
to counterflowing fluid. Equation (7.25) is then obtained by writing a force 
balance in which no compressive terms and no inertial terms are considered: 
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        (7.25) 
where k0 is the permeability value in absence of any compressive term. This is 
only valid at the start of sedimentation, but it provides a method to determine 
permeability. 
Equation (7.25) reveals the importance of analysing the settling curve, and 
hence deducing the variation of the velocity over time, as was done in Chapter 
6. In fact, the shape of the variation of the supernatant-suspension interface 
over time is the first point to start the analysis in order to assure or neglect the 
occurrence of compressive forces and/or the formation of channels. Also, a 
brief analysis of inertial terms is done in Section 7.7. 
The substitution of Equations (7.24) and (7.25) in the right hand terms 
enclosed in the round brackets of Equation (7.5) leads to the final form of Ω: 
Ω  
  
       
      
  
        (7.26) 
 
A Kozeny constant equal to 0.0014, for titanium dioxide, was found by 
matching the experimental values as shown in Figure 7.1. It is important to say 
that the Kozeny constant is known to be a factor, rather than a constant (with a 
commonly reported value of 5), varying with the solid concentration and from 
material to material (Davis and Dollimore, 1980; Butt, 1997).  
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Figure 7.1 Variations of permeability with dry solids concentrations for 
titanium dioxide: markers represents experimental data and curve is the 
Kozeny equation using a constant of 0.0014. 
 
The relationship, solids pressure and dry solids concentration, is described by 
Equation (7.27): 
         
              (7.27) 
Information about Equation (7.27) as well as experimental procedure can be 
found in Chapter 4. In Figures 7.2-7.8 the comparison of the experimental 
variation of the interface height over time and the respective predicted values 
for initial dry solids concentrations between 0.3% and 1.5% by volume are 
shown. Although not all settling curves seem to behave in compression, the 
use of the compression models was done as first attempt. 
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Figure 7.2 Variations of the interface height versus time at initial solids 
concentration of 0.3% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
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Figure 7.3 Variations of the interface height versus time at initial solids 
concentration of 0.4% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
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Figure 7.4 Variations of the interface height versus time at initial solids 
concentration of 0.5% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
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Figure 7.5 Variations of the interface height versus time at initial solids 
concentration of 0.6% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
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Figure 7.6 Variations of the interface height versus time at initial solids 
concentration of 0.7% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
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Figure 7.7 Variations of the interface height versus time at initial solids 
concentration of 1.0% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
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Figure 7.8 Variations of the interface height versus time at initial solids 
concentration of 1.5% v/v for titanium dioxide, experimental values and 
predicted curve based on the Holdich and Butt model. 
 
Clearly, the occurrence of the consolidation stage at the beginning of the tests, 
is observable only at the two highest concentrations 1.0% (Figure 7.7) and 
1.5% (Figure 7.8) by volume. However, in the case of 1.0%, at about 10000 s, 
the predicted curve diverges from the experimental data. This can be 
explained by assuming two consecutive consolidation compression stages in 
which, during the first, the liquid around the clusters is expelled, and during the 
second, the liquid within the clusters is expelled. Obviously, it is a reasonable 
assumption even though the second stage requires a long period of time or 
high values of pressure. At the end of the test, the predicted curve assumes a 
higher equilibrium interface height (of about 0.19 m) than the experimental 
one. 
At the lower concentrations, the model predicts curves which have values of 
the final height higher than the experimental data; but a good agreement on 
experimental and simulated shape of the curves is evident all along the entire 
initial period of the tests. 
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It is sensible to think about the occurrence of two consecutive stages: a first 
initial hindered settling with limited solids network formation followed by the 
formation of a matrix at the gel point, and then consolidation. This is the 
reason for the high initial settling rate, where the clusters are able to move 
‘freely’ but are still in the hindered regime, and after the formation of the zone 
in which the clusters come into contact forming a biphasic complex matrix of 
interconnected clusters and liquid. This latter model will be analysed in Section 
7.6 and will be referred to as Model D. 
The delayed collapse due to the initial period, noticeable at initial solid 
concentration of 0.7% and less prominently at concentrations of 0.6% and 1% 
might be considered, at first sight, as a rearrangement of the suspension due 
to the prompt stopping of the agitation of the suspensions as well as at the 
sudden (although gentle) pouring of the suspension into the test vessel. 
Moreover, it has to be taken as a ‘red alert’ for the possible identification of the 
compression point; in fact, it happens only in the concentration range of 0.6-
1.0% which is a reasonable interval of concentrations to include the 
occurrence of the gel point in (see settling velocity data in Chapter 6).  
Finally, the model seems valid and predicts fairly well the settling curves of the 
two higher solids concentrations, as expected. The discrepancy between 
experimental and simulated results might be attributed to the fact that the 
model does not take into consideration the presence of clusters. In fact, all the 
input data, such as specific surface area, solid concentration and density, 
necessary to run the simulations refer to the primary particle size of 28 nm 
(Chapter 3, Figure 3.1) rather than to the real and effective average particle 
size of the entities in the suspensions. Naturally, particles of such dimensions 
are not able to settle in suspensions and even to exist as single entities. In fact 
such small particles would remain in suspension rather than settle due to the 
predominance of thermal forces upon the gravity force.  
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7.5 Model B (Iritani et al.) results part 1 
Although in Section 7.4, it is shown that only the two higher concentrations are 
under consolidation, further simulations were carried out using the 
consolidation model of Iritani et al. over all the solid concentration range 
investigated. 
In Figure 7.9 a logarithmic plot, representing the variation of the equilibrium 
height of the sediment versus the total volume of solids, shows a linear 
variation as expected and described by the model. The value of β was used in 
order to calculate the value of b’ by Equation (7.21). This value matched the 
power law equation obtained by Figure 7.9. The value of a’ was 8.564. 
Finally, the value of m was 0.8*10-7 m/s. This value was chosen, in this study, 
as a fitting parameter. It could be a correct assumption if it is considered that 
m assumes values dependent upon the nature of the solids (Iritani et al., 
2009). 
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Figure 7.9 Variation of the sediment equilibrium height versus total 
volume of solids per unit cross-sectional area for titanium dioxide. 
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The experimental and simulated curves are in agreement only at the two 
higher concentrations as expected (Figures 7.15 and 7.16) and predicted by 
using Model A. 
Moreover, looking at Figures 7.10-7.14, the model always predicts equilibrium 
sediment heights higher than the experimental ones; the gap between these 
two values increased with increasing initial solid concentration. At the lower 
concentrations, the solid in suspension seems not to be enough to forms 
sufficient sediment to be subjected to compressive forces. And all of this 
happens despite the formation of clusters which have been shown to have 
formed in Chapters 3 and 4. In Figures 7.13-7.15 the initial period shown by 
the settling curves can be related to the arrangement of more stable clusters 
or to their restructuring due to the occurrence of ruptures during the agitation 
phase or pouring stage.  
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Figure 7.10 Variations of the interface height versus time at initial solids 
concentration of 0.3% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model. 
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Figure 7.11 Variations of the interface height versus time at initial solids 
concentration of 0.4% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model. 
 
Time (s)
0 2000 4000 6000
In
te
rf
a
c
e
 h
e
ig
h
t 
(m
)
0.00
0.05
0.10
0.15
0.20
0.25
0.30
Experimental
Iritani et al.
 
Figure 7.12 Variations of the interface height versus time at initial solids 
concentration of 0.5% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model. 
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Figure 7.13 Variations of the interface height versus time at initial solids 
concentration of 0.6% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model. 
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Figure 7.14 Variations of the interface height versus time at initial solids 
concentration of 0.7% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model. 
Chapter 7 – Compression modelling and hindered settling 
 
168 
 
Time (s)
0 5000 10000 15000 20000 25000
In
te
rf
a
c
e
 h
e
ig
h
t 
(m
)
0.00
0.05
0.10
0.15
0.20
0.25
0.30
Experimental
Iritani et al.
 
Figure 7.15 Variations of the interface height versus time at initial solids 
concentration of 1.0% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model. 
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Figure 7.16 Variations of the interface height versus time at initial solids 
concentration of 1.5% v/v for titanium dioxide, experimental values and 
predicted curve based on the Iritani et al. model.  
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7.6 Model C: Holdich and Butt model modified 
In order to take account of the real consistency of the suspensions, formed of 
clusters of various sizes rather than primary particles, some modifications of 
the parameters as well as of the initial concentrations were introduced. First of 
all, any initial concentrations, calculated on the basis of the dry solids, were 
converted to concentration of clusters using a parameter factor deduced by 
the average concentration of the final sediment (2% v/v): hence, the new 
range of concentrations based on the cluster approach was 0045%-1.125% 
v/v. A value of cluster size in condition of infinite dilution, equal to 66.1 µm, 
was obtained by plotting the settling velocity data versus the respective 
concentration of clusters in the manner of Richardson and Zaki (Section 6.5). 
From the calculated value of cluster size the specific surface area could be 
calculated. It has to be noted that although the occurrence of hindered free 
region and compression region seem to occur about the dry solids 
concentration of 0.8% v/v (for this particular system), all the data points were 
considered in the Richardson and Zaki analysis for two reasons: first, all the 
data could be approximately laid on a unique straight line on the log-log plot, 
and secondly including all the data did not make any difference on the 
calculated cluster size when only the lower concentrations were taken, 
correctly, into consideration. 
The best Kozeny constant which fitted the experimental data was 900 (Figure 
7.17). This value is much higher compared to the value obtained before 
(0.0014). The same constitutive equation solids pressure vs. solid 
concentration, used in Model A, was assumed. Only a few slight corrections 
were introduced in both pre-exponent (0.01 rather than 0.005) and exponent 
(0.20 rather than 0.2965) value to better fit the experimental data and 
complete the simulations. 
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Figure 7.17 Variations of the permeability with cluster concentrations for 
titanium dioxide: markers represent experimental data and curve is the 
Kozeny equation using a constant of 900. 
 
The new approach better predicts the equilibrium value of the interface height 
at the lower concentrations. However, the predicted curves have trends which 
are far from the experimental ones; the only two acceptable trends in the 
entire experimental time are 0.045% and 0.500% v/v although slower values of 
settling rate are predicted (Figs. 7.18-7.24). 
The good predictions of the curves at the two higher concentrations, achieved 
with Models A and B, are not obtained with Model C. 
Consideration of the presence of clusters in suspension did not result in 
improved predictions. It was an interesting approach in order to count the real 
concentration of particles in suspension. However, in terms of consolidation 
modelling the permeability is the main parameter to deal with when clusters 
are in suspension.  
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Figure 7.18 Variations of the interface height versus time at initial 
concentration of clusters of 0.045% v/v (0.3% v/v) for titanium dioxide. 
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Figure 7.19 Variations of the interface height versus time at initial 
concentration of clusters of 0.080% v/v (0.4% v/v) for titanium dioxide. 
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Figure 7.20 Variations of the interface height versus time at initial 
concentration of clusters of 0.125% v/v (0.5% v/v) for titanium dioxide. 
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Figure 7.21 Variations of the interface height versus time at initial 
concentration of clusters of 0.180% v/v (0.6% v/v) for titanium dioxide. 
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Figure 7.22 Variations of the interface height versus time at initial 
concentration of clusters of 0.245% v/v (0.7% v/v) for titanium dioxide. 
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Figure 7.23 Variations of the interface height versus time at initial 
concentration of clusters of 0.500% v/v (1.0% v/v) for titanium dioxide. 
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Figure 7.24 Variations of the interface height versus time at initial 
concentration of clusters of 1.1250% v/v (1.5% v/v) for titanium dioxide.  
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7.7 Model D 
The attempt to predict the experimental settling curves by using consolidation 
models, which assume the initial solid concentration of the suspension being 
above the gel point, was not successful at the lower initial solid concentrations 
(0.3%-0.7% by volume). In fact, both Models A and B predicted curves with 
equilibrium sediment height (at the final time considered) higher than the 
experimental ones; good predicted curves were obtained at the two higher 
concentrations (1.0% and 1.5% v/v) instead. The occurrence of the effects of 
compressive forces at 1.0% and 1.5% v/v could be deduced by the shape of 
the settling curves. It is important to highlight that the simulation results, in 
Model A, are based on the constitutive relation concentration versus solids 
pressure obtained by ‘compression-permeability’ analysis although the 
magnitude of the pressures in sedimentation is very low. 
The approach which considered the presence of clusters in suspensions, 
Model C, did not show successful results.  
A further approach to model the settling curves at the solid concentration 
below and equal to 0.7% v/v is presented here and is referred to as Model D. 
This simple approach consists in the identification of the gel point on the 
settling curves and to split it into two zones: a zone below the gel point with no 
network formation or negligible compression forces, and a zone above the gel 
point with significant compression forces acting (Figure 7.25). 
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Figure 7.25 Schematic representation of Model D: u=u(c)+Model A. The 
interface height, Hi, represents the height at which the gel concentration 
does occur. 
 
The Kynch’s theory, which states that the settling velocity at any point in a 
suspension is only a function of the concentration, was used to model and 
predict the left part of the settling curve (below the gel point). The Richardson 
and Zaki equation was the law employed to describe the relationship between 
settling velocity and solid concentration. Identification, calculation and 
comments about the settling velocity were described in Chapter 6. The Holdich 
and Butt equation (Model A) was used to model the right part of the curve in 
the compression state (above the gel point).  
 
The identification of the gel point allows knowing the precise time when the 
clusters come into contact and become subjected to compressive forces 
acting across the networked solids matrix. The interface height at which the 
gel concentration occurred was found on the settling curves by the Kynch  
graphic procedure (Fitch, 1983) (theorem III) defined by the following Equation 
(7.28): 
Hi 
MODEL A 
u=u(c) 
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                  (7.28) 
where Hi is the height of the line tangential to the settling curve correspondent 
to the gel point. Moreover, the characteristic line could be drawn by joining the 
tangent point and the origin of the axes (Figure 7.26).  
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Figure 7.26 Identification of the gel point through Kynch theory, settling 
curve of suspension at initial solid concentration of 0.4% v/v. 
 
The Kynch’s theory was applied to predict the left part of the curves. The 
remaining part of the curve under consolidation were predicted by setting the 
initial concentration equal to the respective gel concentration, and all initial 
heights were referred to the respective calculated height (Hi) by Equation 
(7.28).  
As shown in Figures 7.28-7.32 the new predicted curves match the 
experimental data fairly well in the both zones. Good predictions are shown at 
concentrations of 0.3%, 0.4%, and 0.5% v/v (Figs. 7.28-7.30). In Figures 7.31 
and 7.32, the simulated curves do not predict the occurrence of the initial 
unstable region (initial period). For the presence of this prominent region in 
both curves, the initial heights of both settling curves (at concentration of 0.6% 
and 0.7% v/v) needed to be corrected. Moreover, in all graphs a higher 
prediction of the equilibrium sediment height is noticeable. 
Hi c=cg 
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For the two higher concentrations (1.0% and 1.5% v/v), above the gel point, 
Model A remained the only model to be used. 
 
 
 
 
 
Figure 7.27 Diagram for the identification of the approach to be used in 
the modelling. 
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Figure 7.28 Variations of the interface height versus time at initial solids 
concentration of 0.3% v/v for titanium dioxide, experimental values and 
predicted curve using model D. 
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Figure 7.29 Variations of the interface height versus time at initial solids 
concentration of 0.4% v/v for titanium dioxide, experimental values and 
predicted curve using model D. 
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Figure 7.30 Variations of the interface height versus time at initial solids 
concentration of 0.5% v/v for titanium dioxide, experimental values and 
predicted curve using model D. 
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Figure 7.31 Variations of the interface height versus time at initial solids 
concentration of 0.6% v/v for titanium dioxide, experimental values and 
predicted curve using model D. 
Chapter 7 – Compression modelling and hindered settling 
 
181 
 
Time (s)
0 2000 4000 6000
In
te
rf
a
c
e
 h
e
ig
h
t 
(m
)
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
Experimental
Model D
 
Figure 7.32 Variations of the interface height versus time at initial solids 
concentration of 0.7% v/v for titanium dioxide, experimental values and 
predicted curve using model D.  
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7.8 Model A (Holdich and Butt) results part 2 
The consolidation models explained in Sections 7.2 and 7.3 were used to 
predict the settling curves for magnesium hydroxide. As widely shown in 
Chapters 3 and 4 the tendency of magnesium hydroxide to form clusters was 
less evident than for titanium dioxide. In fact, the largest cluster size obtained 
in the particle size analysis by laser diffraction technique was 5 microns. 
Further confirmation on the minor occurrence of particle interaction is given in 
Chapter 5 Figure 5.5 where only a slight increase in the average solid 
concentration of the sediment cake is noticeable (from about 15% in 
sedimentation up to less than 20% in filtration).  
As already mentioned in Chapter 3 the behaviour of magnesium hydroxide in 
suspension is critical due to its tendency to become soluble at specific pHs. 
This is one of the reasons which make this material difficult to fully 
characterise.  
The initial concentration of the suspensions was higher than the range used 
with titanium dioxide: 3.0% up to 7.0% by volume. For all these concentration 
a clear line of demarcation between supernatant and suspension were visible 
with a consequent ease on the registration of the variation of the height.  
For all the data (Figures 7.34-7.37) during the first 200 seconds a sudden 
decrease of the interface is evident in the experimental curves. This is 
explained by the reduction of the thickness of the film of the liquid, which 
surrounds the clusters, due to the initial mixing (Font, 1988). In fact, whilst the 
experiments of titanium dioxide were carried out in two different vessels with 
the suspensions being transferred from the agitation vessel to the 
sedimentation one, for magnesium hydroxide only one container was 
employed. The suspensions were kept in continuous agitation and the 
sedimentation tests began when the stirrer was taken away. Hence, the effect 
of the agitation was more pronounced in magnesium hydroxide suspensions 
than in those of titanium dioxide. 
With the exception of the lowest initial solid concentration (3% v/v), in all the 
tests a particular shape representative of channel formation is evident. The 
evidence of channelling was also represented in the plots of settling velocity 
Chapter 7 – Compression modelling and hindered settling 
 
183 
 
versus time presented in Chapter 6: peaks of various magnitudes at almost 
any concentrations were clearly observable. These peaks are easily 
identifiable in the settling curve by the particular speed up zone (concave 
shape) which occurs after about 2000 seconds at concentration of 4% v/v and 
seems to be delayed at any increase of concentration. At the beginning of the 
test the channels formed are limited and their formation increases with an 
increase of solid pressure with a consequent improvement of the upwards rate 
of the liquid. Depending on the materials and experimental conditions various 
channels zones have been identified: soft and hard zones (Holdich and Butt, 
1997). Naturally, channel formation has a strong effect on the settling velocity 
and also permeability. Therefore, the permeability has a low value at the start 
of the tests and tends to increase with the formation of the liquid paths. This is 
the reason why currently in the models of sedimentation correction factors for 
the permeability are taken into consideration (Font, 1991; Pérez et al., 1998). 
The relationship used to explain the variation of the permeability versus solid 
concentration was again the Kozeny-Carman. A value of K equal to 0.022 was 
found to match the permeability values within the solid concentration of 
interest (Figure 7.32). 
The variation of solid pressure versus solids concentration was again of power 
law type as shown in Chapter 5. In Equation (7.29) the values of the coefficient 
and exponent required in the mathematical model are specified: 
          
              (7.29) 
The exponent value in Equation (7.29) is highly lower than the value in 
Equation (7.27) as expected. In fact, it shows the magnesium hydroxide 
sludge less compressible than the titanium dioxide sediment. 
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Figure 7.33 Variations of permeability with dry solids concentrations for 
Magnesium Hydroxide: markers represent experimental data and curve 
is the Kozeny equation using a constant of 0.022. 
 
The predicted curves match fairly well the experimental data except for the 
lowest and highest solid concentration tested. In the former (Figure 7.33), the 
reason is attributable to the permeability values and then to the channelling: 
the experimental curve decrease at a velocity higher than the simulated curve 
showing higher values of permeability within the entire range of time. The 
simulated curve could be then improved by introducing a correction factor as 
was done by Font (1991). Moreover, in Figure 7.33 the value of permeability 
for a solid concentration of 3% v/v is the furthest. In the latter (Figure 7.37) the 
opposite case happened: although, for about 2000 seconds, the predicted 
curve fitted very well the experimental data, afterwards it drops faster and then 
predicts a height lower than that obtained experimentally. This could be due to 
the experimental conditions: the test was carried out in a vessel of about 30 
cm and the suspension height was only 11 cm. 
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Figure 7.34 Variations of the interface height versus time at initial solids 
concentration of 3.0% v/v for magnesium hydroxide, experimental values 
and predicted curve using model of Holdich and Butt. 
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Figure 7.35 Variations of the interface height versus time at initial solids 
concentration of 4.0% v/v for magnesium hydroxide, experimental values 
and predicted curve using model of Holdich and Butt. 
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Figure 7.36 Variations of the interface height versus time at initial solids 
concentration of 5.0% v/v for magnesium hydroxide, experimental values 
and predicted curve using model of Holdich and Butt. 
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Figure 7.37 Variations of the interface height versus time at initial solids 
concentration of 6.0% v/v for magnesium hydroxide, experimental values 
and predicted curve using model of Holdich and Butt. 
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Figure 7.38 Variations of the interface height versus time at initial solids 
concentration of 7.0% v/v for magnesium hydroxide, experimental values 
and predicted curve using model of Holdich and Butt.  
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7.9 Model B (Iritani et al.) results part 2 
The Iritani et al. model, based on the equilibrium height of the consolidated 
sediment, appear to fit better the experimental data. In Figure 7.38 the 
equilibrium height versus the total volume of solids shows a linear variation 
(log-log graph). 
The empirical values of a’, b’ and k’ were 5.287, 0.9308 and 5*10-7respectively  
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Figure 7.39 Variation of the sediment equilibrium height versus total 
volume of solids per unit cross-sectional area for magnesium hydroxide. 
 
This model predicts the experimental data more accurately although the 
channels formation is not taken into consideration in the model. However, as 
shown in Figures 7.39-7.42 the simulated curves follow the experimental trend 
especially when the acceleration period ends. In Figure 7.39 only a small 
discrepancy is evident in the equilibrium value predicted which is a little higher 
than the experimental.  
The greatest discrepancy occurred at the highest concentration (Figure 7.43). 
In fact, considering both models being set for consolidation process, they 
should fit better the test where higher sediment concentrations are involved. 
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However, the greater discrepancy is exactly at the highest concentration of 7% 
v/v. Hence, the possible reason it is related to the experimental conditions; 
although in both models the initial height is an important input in order to carry 
the experiment, the ratio of initial suspension height/vessel diameter is too 
high. 
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Figure 7.40 Variations of the interface height versus time at initial solids 
concentration of 3.0% v/v for magnesium hydroxide, experimental values 
and predicted curve from the model of Iritani et al.. 
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Figure 7.41 Variations of the interface height versus time at initial solids 
concentration of 4.0% v/v for magnesium hydroxide, experimental values 
and predicted curve from the model of Iritani et al.. 
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Figure 7.42 Variations of the interface height versus time at initial solids 
concentration of 5.0% v/v for magnesium hydroxide, experimental values 
and predicted curve from the model of Iritani et al.. 
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Figure 7.43 Variations of the interface height versus time at initial solids 
concentration of 6.0% v/v for magnesium hydroxide, experimental values 
and predicted curve from the model of Iritani et al.. 
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Figure 7.44 Variations of the interface height versus time at initial solids 
concentration of 7.0% v/v for magnesium hydroxide, experimental values 
and predicted curve from the model of Iritani et al..  
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7.10 Conclusions 
A comparison of the experimental data with mathematical models of 
consolidation was conducted for titanium dioxide and magnesium hydroxide. 
The predicted curves obtained by the model, specifying the constitutive 
equation, fit fairly well for all the magnesium hydroxide curves and the two 
highest concentrations of titanium dioxide. This confirmed the initial 
concentration of the suspension being above the gel concentration. The small 
discrepancy between experimental and predicted curves was attributed to the 
occurrence of channelling clearly visible during the experiments. More 
accurate constitutive equations could improve the simulation results to fit the 
experimental data. 
A modification of the Holdich and Butt consolidation model in order to take into 
consideration the presence of clusters did not yield improved predictions; the 
approach was based only on the input data, such as density and specific 
surface area, as well as the constitutive equation to the clusters rather than 
dry solids. 
Finally, in order to model the settling curves at initial concentrations lower than 
the gel point a combined approach is presented based on the Kynch 
assumption (uS=us(c)) (for the part of the curves below the gel point) and 
Holdich and Butt model (for the part of the curve above the gel (point); the last 
model showed acceptable results except at the initial concentrations of 0.6% 
and 0.7% v/v which presented a prominent initial period at the start of the 
curve. This composite model was not applied to the magnesium hydroxide 
results as it was determined that all these tests were above the gel point for 
this system, and a consolidation model was sufficient. 
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8. CONCLUSIONS AND FUTHER 
WORK 
 
 
 
 
 
8.1 Characterisation of the materials 
In this work two materials were examined: titanium dioxide P25 nanoparticles 
and magnesium hydroxide. The choice of the former material was the known 
difficulty of its characterisation and its control in suspension; the latter one was 
provided by the National Nuclear Laboratory as it is one of the main materials 
formed in the waste nuclear tanks. 
 
By the use of: Scanning Electron Microscope (SEM), Transmission Electron 
Microscope (TEM), Laser Diffraction (LD), and mage Analysis (IA), the 
evidence of the formation of aggregates was highlighted. 
 
Considering particle and cluster size three characteristic sizes could be 
identified: 
a. primary particle size: 28 nm and 220 nm for titanium dioxide and 
magnesium hydroxide respectively; 
b. primary cluster size: 100 nm and 800 nm for titanium dioxide and 
magnesium hydroxide respectively; 
c. secondary cluster size of up to 9.4 micrometre and 5 micrometre for 
titanium dioxide and magnesium hydroxide respectively. 
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The employment of various shears and sonication energy showed the 
classification of the clusters into ‘high strength’ and ‘low strength’, dependent 
on the type of interactions: particles-particle and particle-cluster in the former 
case and cluster-cluster in the latter. 
 
8.2 Kinetics of aggregation 
Laser diffraction was employed in order to measure and monitor the variation 
of the cluster diameter over time at various shears. However, only at the 
lowest shear did aggregation occur at a sensible magnitude. Although, 
maximum sonication was always used, it was not possible to obtain the 
primary particle size in a short time. Only subjecting samples to a very long 
period of sonication led to the primary cluster size.  
 
It was found to be fundamentally important to employ, during particle size 
analysis, the same experimental conditions, such as ionic strength and pH of 
the medium, of the main tests (sedimentation). 
 
A mathematical model was employed to predict the kinetics of aggregation. 
The modelling approach adopted was one of considering cluster formation 
based on primary and secondary clusters, rather than cluster formation from 
primary particles. The net rate constant for the aggregation and disaggregation 
of the primary clusters was determined, as a function of the shear used in the 
laser light scattering equipment.  
 
8.3 Batch sedimentation 
Sedimentation tests were carried out in glass vessels having internal diameter 
of up to 160 mm and the variation of the interface height with time was 
measured. 
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For titanium dioxide only a narrow solid concentration range could be 
investigated: 0.3% v/v-1.5% v/v. This concentration range was identified as 
being in the ‘intermediate’ range concentration (Shirato et al., 1970) and, 
therefore, known to provide difficult to interpret results. For magnesium 
hydroxide tests at higher concentrations (3.0% v/v-7.0% v/v) were carried out. 
Consolidation occurred, for any of the concentrations tested, from the start of 
the experiments. 
 
The preliminary mixing technique and agitation speed of the suspensions 
show influence on the settling results in term of settling velocity and cluster 
size (size distribution). 
 
8.4 Permeability of porous media 
The permeability of the porous medium constituted by the clustered solids was 
investigated during sedimentation, permeation and filtration for both titanium 
dioxide and magnesium hydroxide. 
 
The permeability values were connected to the cluster size through the Happel 
and Brenner cell model and the results compared with what was predicted 
from the particle size data analysis: it was possible to correlate the resulting 
Sauter mean diameters arising from the particle size analysis, at different 
shear conditions, with the apparent cluster (or particle) size observed during 
the operations of sedimentation, permeation and filtration of water through 
particle/cluster beds via the measured permeability and the predicted 
permeability based on Happel’s cell model. The ‘operating envelope’ of 
permeability was then determined for both materials. 
For titanium dioxide it was observed that during permeation the cluster size 
remained roughly constant, regardless of the rate of permeation applied. The 
compact resulted in one more permeable than the one obtained during 
filtration. 
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Two different flow paths were believed occurring during the separation tests: 
 ‘between’ clusters 
 ‘within clusters’ 
In fact, in hindered sedimentation the fluid flows past the clusters without any 
external or added force. In filtration the filtrate flows rapidly through the filter 
cake and can easily penetrate, or disrupt, the formed clusters. In permeation, 
although an external force was applied, to favour the flow of the liquid, the 
clusters were not apparently subjected to rupture. 
 
8.5 Settling velocity 
A critical analysis of the settling curves and of the variation of the settling 
velocity versus time was done in order to investigate at what velocity the 
clusters in stable form were descending. Therefore, the correct identification of 
the settling velocity at any concentration of the suspension allowed an 
estimation of the most likely average particle size, at infinite dilution, by 
applying the well known Richardson and Zaki approach. 
 
By plotting the correct settling velocity over solid concentration and applying 
the Richardson and Zaki approach, the particle/cluster size, at infinite dilution, 
was found. The calculated values, for titanium dioxide, matched the value of 
the secondary cluster measured in particle size analysis (in the case of mixing 
techniques 1 and 2). Over prediction of the particle/cluster size, was obtained 
for the magnesium hydroxide. This is likely related to the difficulty of the 
interpretation of the settling data as well as the accurate identification due to 
the occurrence of channelling. 
An approach to consider the clusters in suspension rather than the dry solids 
was attempted; the concentration of the clusters was calculated on the basis 
of the average final solid concentration of the sediment (refer to the final 
height). However, the new approach over-predicted the cluster size for both 
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materials. This was due to the use of the cluster density in the Stokes’ 
equation rather than the density of the dry solids. 
 
The identification of the gel point was possible through the Richardson and 
Zaki plots: for titanium dioxide, the data lay in two regions both approximately 
straight lines. No gel point could be identified for the magnesium hydroxide 
(initial concentrations were above the gel point). 
 
8.6 Consolidation 
Mathematical consolidation models, available in the literature, were tested to 
predict the settling curves for titanium dioxide and magnesium hydroxide. 
These models successful predicted the settling curves of magnesium 
hydroxide and only the higher concentrations of titanium dioxide.  
 
A modification of the Holdich and Butt consolidation model in order to take into 
consideration of the presence of clusters did not lend to improved predictions; 
the approach was based only on independent input data, such as density and 
specific surface area, as well as the constitutive equation to the clusters rather 
than dry solids. 
 
In order to model the settling curves at initial concentration lower than the gel 
point, and in the intermediate concentration regime, a combined approach is 
presented based on the Kynch assumption (uS=us(c)) (for the part of the 
curves below the gel point) and Holdich and Butt model (for the part of the 
curve above the gel (point); the last model showed acceptable results except 
at the initial concentrations of 0.6% and 0.7% v/v which exhibited an initial 
period at the start of the curve. It was believed that a better fit between 
experimental and theoretical curves could be obtained with some refinement 
of the constitutive equations. This demonstrates the importance of the 
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experimental techniques and equipment to obtain this relationship as well as 
the methods to achieve reliable results. 
Hence, this work helps to illustrate why Shirato’s ‘intermediate concentration’ 
region of colloidal suspensions provides inconsistent results. It is in part the 
challenge of characterising the particles, or clusters, in off-line instrumental 
equipment such as laser diffraction. This is further complicated by using 
different conditions of ionic composition and shear in the analytical and 
experimental equipment. Furthermore, different mixing strategies will provide 
different cluster size and network formation, so settling behaviour can vary. 
When networks do form then channelling can occur, providing a means for 
apparently faster than expected settling rates.  
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8.7 Future work 
In chapter 4 there is reported some successful modelling of cluster formation 
based on the particle characterisation data. A fully predictive model of 
sedimentation would be one that could extend this kinetic cluster modelling in 
to the solids concentration region that is reported in later chapters to provide a 
model of cluster size at the ‘intermediate concentration’ and, therefore 
predictable settling behaviour. However, in chapter 7 this was attempted from 
the reverse direction: using the measured settled concentration to predict 
cluster composition, but without any improved prediction of the measured 
settling curves. Future work should be directed at reconciling these two 
different approaches. 
In chapter 5, Figure 5.1, some results are provided on the liquid pressure 
measurements, and Appendix A has more comprehensive data. These tests 
were performed to see if information on the gel point could be extracted from 
pressure and settling profile analysis. The measured liquid pressure is a 
combination of the hydrostatic and hydrodynamic pressures in the liquid: whilst 
there is motion in the vessel an excess liquid pressure (above that of simply 
water) will be registered regardless of whether a solids network exists, or not. 
However, the shape of this excess pressure profile with time, coupled with the 
settling profile, and using multiple pressure readings at different positions 
could be used to determine the gel conditions of a settling colloidal 
suspension. 
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APPENDIX A: LIQUID 
PRESSURE MEASUREMENTS 
 
 
 
 
 
In addition to the measurement of the interface settling height, the pressure at 
the bottom of the suspension was measured with a sensitive flush-mounted 
pressure transducer (Druck) connected to a 4 decimal place digital volt meter 
and data logger (Black Star – 4503). This was positioned facing downwards 
and embedded at the bottom of and inside a nominal 1 inch pipe. Hence, the 
pipe could be inserted into the vessel from the top. The downwards facing 
pressure probe was used to record the pressure being transmitted through the 
liquid, and not the pressure being transmitted through the solids stress 
network. Hence, it was possible to deduce the ‘excess liquid pressure’: i.e. the 
pressure in excess of the hydrostatic head of the liquid that is due to the solid 
particles in suspension. 
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Figure A.1 Experimental set up for liquid pressure measurements. 
 
In Figures A.2, A.3 and A.4, the variations of the liquid pressures with time and 
the respective settling curves are reported for initial solids concentration of 
0.7% v/v, 1.0% v/v and 1.5% v/v, respectively. 
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Figure A.2 Liquid pressure variation with time and settling curve for a 
suspension of titanium dioxide of solids concentration of 0.7% v/v. 
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Figure A.3 Liquid pressure variation with time and settling curve for a 
suspension of titanium dioxide of solids concentration of 1.0% v/v. 
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Figure A.4 Liquid pressure variation with time and settling curve for a 
suspension of titanium dioxide of solids concentration of 1.5% v/v. 
 
Table 1 provides values of the theoretical initial pressure based on the 
homogeneous mixture assumption: where all the solids are suspended in the 
water and the pressure is calculated by the product of depth, density (of the 
mixture) and acceleration due to gravity. The theoretical excess liquid 
pressure is the difference between this mixture based value and the value 
using the density of water. The measured values were obtained with the 
pressure transducer and the experimental excess liquid pressure is the 
difference between these measured values and the calculated pressure due to 
water only. These values are for the start of the sedimentation process only. 
There is a very close match between the predicted and the measured excess 
liquid pressures. 
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Table A.1 Hydrostatic liquid pressure measured and predicted at the 
base of the sedimentation vessels and the excess liquid pressure due to 
the presence of solids. 
Initial solid 
concentration 
(v/v) 
Theoretical 
Initial 
Pressure 
(Pa) 
Theoretical 
Excess 
Liquid 
Pressure 
(Pa) 
Experimental 
Initial 
Pressure  
(Pa) 
Experimental 
Excess 
Liquid 
Pressure  
(Pa) 
0.007 2541 53 2541 55 
0.01 2590 77 2589 75 
0.015 2626 114 2624 104 
 
Each liquid pressure test was preceded and followed by a calibration in which 
only water was employed: so, the values of voltage were recorded at different 
heights of water and afterwards converted to hydrostatic pressure values. 
Hence, the relationship between pressure and voltage was obtained. The final 
linear relation, to convert voltages in pressures, was calculated by the 
averaging of the two calibrations (initial and final). 
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Figure A.5 Example of calibration to calculate the relationship between 
voltage and hydrostatic liquid pressure. 
Appendix B: Zeta potential 
 
220 
 
APPENDIX B: ZETA POTENTIAL 
 
 
 
 
 
The zeta potential of particles of titanium dioxide for various values of pH was 
calculated by measuring the particle electrophoretic mobility. It is well known in 
literature how the zeta potential influence the behaviour of titanium dioxide 
during sedimentation and filtration (Nabi, 2007; Mattsson et al., 2011). 
The iso-electric point (no surface charge) of the titanium dioxide suspended in 
deionised water is near to 7 as shown in Figure B.1. 
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Figure B.1 Zeta potential as a function of pH for titanium dioxide 
suspended in deionised water.  
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The trend of the zeta potential varies if the titanium dioxide particles are 
suspended in electrolitytic solution. In fact, as shown in Figure B.2, in solution 
of 1 mM of NaNO3 and 1 mM of MgSO4, the zeta potential varies within a 
range of a max value of 15 mV and a min value of -10 mV. The gap between 
the min and max values is so narrow that the value at about pH=9 increases to 
reach a zeta potential of 15 mV at about pH=12. 
Hence, for this specific system ‘titanium dioxide P25-deionised water’, pH = 7 
is the best value to form aggregates; the tendency to clustering increases, at 
about all the pH range, when in to the suspension electrolytes (coagulants) are 
added.  
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Figure B.2 Zeta potential as a function of pH for titanium dioxide 
suspended in electrolytic solution of 1 mM of NaNO3 and 1 mM of MgSO4.  
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APPENDIX C: ORAL AND 
POSTER PRESENTATIONS 
 
 
 
 
 
ORAL PRESENTATIONS 
 
o ‘Particle-cluster size and sediment compression’, at DIAMOND WP2, 
London, 25th March 2010. 
o ‘Particulate clusters in sedimentation and filtration’, at DIAMOND WP2, 
Loughborough, 6th April 2011. 
o ‘Analysis and effects of cluster formation during sedimentation and 
filtration’, at the Particulate Systems Analysis, Edinburgh, 5th-7th 
September 2011. 
o ‘Colloidal interactions during sedimentation and filtration’, at 
DIAMOND’11, Coventry, 14th-15th December 2011. 
o ‘Analysis of cluster-cluster interaction during sedimentation’, at 11th UK 
Particle Technology Forum, Loughborough, 4th-5th April 2012. 
 
POSTER PRESENTATIONS 
 
 ‘Compressive Solids Stress in Sedimentation’, at DIAMOND’09, York, 
9th-10th September 2009. 
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 ‘Colloidal interaction during sedimentation’, at DIAMOND’10, 
Manchester, 15th-16th December 2010. 
 ‘Colloidal interactions during sedimentation and filtration’, at 
DIAMOND’11, Coventry, 14th-15th December 2011. 
 ‘Analysis of cluster-cluster interaction during sedimentation’, at 11th UK 
Particle Technology Forum, Loughborough, 4th-5th April 2012. 
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APPENDIX D: PUBLICATIONS 
 
 
 
 
 
Two papers have been published in refereed academic journals: 
 
1. Di Giovanni, B.A., Holdich, R.G. and Starov, V.M., 2011. Analysis and 
prediction of cluster formation. Progress in Colloid and Polymer 
Science, Volume 138, Trends in Colloid and Interface Science XXIV, 
pp. 73-79. DOI: 10.1007/978-3-642-19038-4_13. 
 
2. Di Giovanni, B.A., Mahdi, F.M., Holdich, R.G. and Starov, V.M., 2012. 
Particulate clusters and permeability in porous media. Chemical 
Engineering Research and Design, 90 (9), pp. 1168 - 1176. DOI: 
10.1016/j.cherd.2011.11.019. 
 
A copy of both papers is available in the next pages. 
